CHAPTER 37
Infinite Series

37.4

31.5

37.6

31.7

379

Prove that, if £ 4, converges, then liq} a,=0.

n=1

a,. Then a—za*—zakas §=0.

n
k=1 kw1

I Let S§=

it

Show that the harmonic series L 1/n=1+}+ 1 +--- diverges.

I 1>}, =1, 1+i>%=1, l4+l+d+l>4=1 d+&+--+&>&=1 et . There-
fore, 1+3+5+3+->5+5+3+5+-->+x | Altemnatively, by the integral test, . %dx=
lim ;dx— lim (Inx]{)= lim Inu=+c,

W= ¥ =+

w— 4t J1

Does lim a,=0 imply that £ a, converges?

[

I No. The harmonic series £ 1/n (Problem 37.2) is a counterexample.

a(r* —1)

Let S, =a+ar+---+ar"”', with r¥1. Showthat § = pomr

I rS,=ar+ar’+ - +ar" ' +ar". S,=a+ar+ar’+---+ar""". Hence, (r—1)S,=ar" —a=a(r"-1).

Thus, §, = e’ 1) _1)
r—1

Let a#0. Show that the infinite geometric series >, ar" = % if |rl<1 and divergesif |r]=1.
n=0

"—1 -1
I By Problem 374, S, = 9-(*:—:%—)-. If |ri<l, §,— ar(_ 1) = &, since r"—0; if |r|>1,
IS, |+, since |r|"—>+4e, If r=1, the seriesis a+a+a+---, which diverges since a+0. If

r=—1, theseriesis a—a+a—a+---, which oscillates between a and 0.
S 1 1 1
Evaluate E 2— 1+5+--
1 o 1 1
I By Problem 37.5, with r=, 2 —5=-——=2
2’ n-02 ]“i
o (U _ 1.1 1
Evaluate Eo =l-gtg gt

1 By Problem 37.5, with r= _1 2

Show that the infinite decimal 0.9999- - - is equal to 1.

9 .9 9 W . _
I 0999 _10+10"+Ei+ “1_—_136_1’ by Problem 37.5, with r= .

Evaluate the infinite repeating decimal d =0.215626262 - - -

62 62 62 1 62 62 62
1 0215+ —= et — e 37.5, wi = + e 2
d= TR T By Problem 37.5, with r= 1 TR T

62/10° _ 62 Hence, d=215 , 62 _ 21347
1-1/10° 99,000° ' 1000 © 99,000 99,000
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) . 1 1 1 1
Investigate the series 3ts3tsat TEES)) +
I 1 11 Hence, the partial sum

nn+1) n na+l’ » e p

5.=(1-3)+G-3)+G-3) -+ (G-m) -

The series converges to 1. (The method used here is called “telescoping.”)

o=

1 !

35 57 Y an—D@n+n

1 111 _1(1_1) 1(1 1) 1/ 1 1
I oD 2(2n~1 2n+l)' So 8%,=3\173/"23"53 +'“+§(2n—1‘2n+1)=

_1_( 1 ) 1 1
3 1 i) "2 Thus, the series converges to5.

Study the series +

1

b}

Find the sum of the series 4—1+ 4 — f% +---.

§ This is a geometric series with ratio r=—1 and first term a=4. Hence, it convergesto ———~ =

¥

Test the convergence of 1+3 + 5+ % +---,

I This is a geometric series with ratio 7= 2 >1. Hence, it is divergent.

Test the convergence of 3+ 5+ 3+ 3+

2n+3 . . 2+3/n

I Th ies has t = = ; i 2730
€ series has the general term a, 1 (staxting with n=0), but lima, =lim 1+1/n

Hence, by Problem 37.1, the series diverges.

=2+#0.

1 1 1

. . 1
Investigate the series —3 —4 -3__ r
. . 1
I Rewste the sercs as (15 + st (~1— 55 +)=3+3(1)=2, by Problems 37.11
1-3 3.5 2? 2 2.3 2 4 4
and 37.10.

Test the convergence of 3+ V3+V3+ V3 4.

I o, =V3=3""=¢"9"_¢°=1%0. Hence, by Problem 37.1, the series diverges.

@

1 11 1

Study the series glm=ﬁ+ﬁ+3_?+---

;_l(l 1) l(l_l) l(l_l) l(l_ 1 )_
'n(n+4)-4n n4.SothepartlalsumS iG-3)vaiG-8) o tal\n o)
(1,1, 1), 1 Loy E( Ly
Z(1+2+3+4) 4( n+2 Th+3 n+4)_’4(1+2+3+4 a8

. 1 1 1 1
Study the series ,2,1 At 2) 1237734737

5

1 _ 1 1 =1(1_1)_(1_1)_1(
ant1)(n+2) nn+2) (m+Dn+2) 2\n n+2 ¥1 n+2) T 2

1 1 1 %+

1
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37.21

37.23

37.24

37.25

37.26

T R

S on t 2 3
z:(n+1)!_ﬁ 314

Study the series

L S B - (Lo 1)e(2-1) 1 1]
1 GFD Al D Hence, the partial sum TR TR G i) AR b e
l—mﬂl.
. S 1 1 1 1
Sdy the setes % G RG@n T 15599 n
1 _1( [ )
! Gn=3@n+1) 4\an-3 an+i/ S°
_1(1_1) 1(1_1) 1(;___1__)_1( 1 ) 1
S=a\i7s)tas o)t i\Gms T/ T iU
< _qyntl 2n+1
Evaluate gl( 1) FEER
2n+1 _1 1 . (1 1) (1 1) (1 1) (1 1) L
CES)) n+n+1' So the partial sum 1+2 2+3 + 3+4 4+5 +--- is either
1 1 . .
1_n+1 or 1_n+1+(n+1+n+2)' In either case, the partial sum approaches 1.
o 2n+1
Evaluate ..2- PP
2n +1 1 1 . (1 1) (1 1) [1 1 ]
—— = - == — — —— =t | ==
1y n i) The partial sum  §, 177 + 73 2 iy
l—m—)l.
Ll en 62 83 ed
Evaluate ,,E.l?=e+§+§?+§+'

4

1 ﬁg—» +m; 5o, by Problem 37.1, the series diverges.
Evaluate S, ——— b
awale o R+ Vn-1i.

1 1 VvE—-Vn-1 .
\/T:+\/n—1—\/ﬁ+\/n-1‘\f_-\/n—-l_ﬁwvnﬁl' The partial sum (V1 —-V0)+ (V2 -V1)+

et (VR -Vn—1)=+vn-— +x,  The series diverges.

Find the sum §= 2, %, and show that it is correct by exhibiting a formula which, foreach £>0, specifies
n=0
an integer m for which |S, — S[<e& holds for all n>m (where S, is the nth partial sum),

I > 5 isa geometric series with ratio =} and firstterm a=1. Sothesum $= L = 2 In fact,
3 1-3 2
n=10 -3
1y -1
assume &>0. Then, by Problem 37.4, S, =1+ % +oo 4 3,,1_1 =(—1)—_——i— = % (1 - 31;) Now, |S,—8|=
'% - % (1—%) =# We want 2—% <e, §<3”“, “In2e<(n—1)In3, —%<n—1.
Choose m to be the least positive integer that exceeds — %

Determine the value of the infinite decimal 0.666 + - - -.

6 6 6 . ) . . .

I 0.666---= 10 + 107 + 10° + -+ is a geometric series with ratio r={; andfirstterm a= §f5. Hence,
6
10 2

the sum is LU

1- 4 3
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37.28

37.29

37.30

37.31

37.32

37.33

37.34

x

1 1 1
Evaluate "E_:nm =100 + TR

x

1 . . . . . .
1 E TTi0 S the harmonic series minus the first 99 terms. However, convergence or divergence is not
=0

affected by deletion or addition of any finite number of terms. Since the harmonic series is divergent (by
Problem 37.2), so is the given series.

-~ 1 1 1. 1
Evaluate ,,2.4 '3;—3 +g+§+"'
I > 3—ln = é > r—i Since the harmonic series is divergent, so is the given series.
n=1 n=1
- n
Evaluate .-;1 In el
I nn/n+Dl=lhn-In(n+1), and S,=(nl=-W2)+(ln2-3)+ - +flnn-In(rn+1)]=

—~In(n +1)— —=. Thus, the given series diverges.

Evaluate 2 e "=1+e e P+

=0

I ’{his is a geometric series with ratio r=1/e<1 and first term a=1. Hence, it converges to
€

1—1/e e-1
- (1 1 )
Evaluate 20(2,, + 57 )-
o 1 o 1
I This series converges because it is the sum of two convergent series, > 3 and ), 5 (both are
n=0 n=0
o . o1 1 o 1 1 5
geometric series with ratio  r<1). o =———=2, and E — = — = =, Hence, the sum of the
n-02 l‘% P 1—_% 4

given series is 2+ § =12,

(Zeno's paradox) Achilles (A) and a tortoise (T) have a race. T gets a 1000-ft head start, but A runs at 10 ft/s
while the tortoise only does 0.01 ft/s. When A reaches T’s starting point, T has moved a short distance ahead.
When A reaches that point, T again has moved a short distance ahead, etc. Zeno claimed that A would never
catch T. Show that this is not so.

I When A reaches T’s starting point, 100s have passed and T has moved 0.01 X 100=1ft. A covers that
additional 1 ftin0.1s, but Thas moved 0.01 x0.1=0.001ft further. A needs0.0001 s to cover that distance,
but T meanwhile has moved 0.01 x 0.0001 = 0.000001 ft; andsoon. The limit of the distance between A and
T approaches 0. The time involved is 100+ 0.1 + 0.0001 + 0.0000001 + - - -, which is a geometric series with
first term a =100 andratio r= . Itssumis 100/(1— w@g). Thus, Achilles catches up with (and then
passes) the tortoise in a little over 100 s, just as we knew he would. The seeming paradox arises from the artificial
division of the event into infinitely many shorter and shorter steps.

A rubber ball falls from an initial height of 10 m; whenever it hits the ground, it bounces up two-thirds of the
previous height. What is the total distance covered by the ball before it comes to rest?

I Thedistanceis 10+2{10(3)+10(3)’ +10(})* +---]. Inbracketsis a geometric series with ratio 2 and first
term %, its sum is 3 /(1 — %) = 20, for a distance of 10+ 2(20) = 50 m.

£

3
Investigate > et

nm=]

I 3/(5"+2)<5/5"=1/5""". So this series of positive terms is term by term less than the convergent

. . 1 . . .
geometric series >, Tl Hence, by the comparison test, the given series is convergent. However, we
- "=t . . o 1 1 5
cannot directly compute the sum of the series. We can only say that the sum is less than > iTIo1T g
n=1 -s
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37.36

37.37

37.38

37.39

37.40

37.41

37.42

=

Determine whether ﬁ
=1

I 1/(2"-3)<1/2""" forall n=3 (since 2" '<2"-3¢3<2"-2""'=2""") Hence, beginning with

is convergent.

the third term, the given series is term by term less than the convergent series > 57.1'—_1- and, therefore,
converges. "
. S 1 1 o
If 0<p=1, show that the series 2 = 14+ =5 57 + 37 + -+ s divergent.
A=l

. . o1 .
I 1/n” =1/n since n”=n. Therefore, by the comparison test and the fact that z — is divergent,
n=1]

S
E oF s divergent.

=

. 1.
Determine whether 2, 71 Is convergent.

n=i
I For n=1, l/n!=1/(1-2- - smy=1/(1-2-2- - -2)=1/2""". Hence, > = 1 mconvergent by
n=0
comparison with the convergent series > % The sum (= e) of the given series lS <1+ 2 2,, —_— =
1+2=3, "t "
. - 1 .
Determine whether 2, ————5 s convergent.

el T

I 1/(n’+10)=1/2n* for n=3 (since n*>10 for n >3) Therefore, 1/(n®+10)"*=1/2""n%"
—73 (see Problem 37.36).

Thus, the given series is divergent by comparison with

State the integral test.

I Let 2 a, be a series of positive terms such that there is a continuous, decreasing function f(x) for which
f(n)=a, forall positive integers n=n,. Then £ a, converges if and only if the improper integral j‘,’; f(x) dx
converges.

=

For p>1, show that the so-called p-series 2, nl—‘, converges. (Compare with Problem 37.36.)

n=1

I Use the integral test (Problem 37.39), with f(x)=1/x". Jl f—x‘, = lim . f—': = lim i=p ]P 1]| =
. 1 1 l = l =4 x 4 x

=

Determine whether E N
fr=2

converges.

I Use the integral test with  f(x) = PIPYS

j:ﬂ;:dx: lim r 1 dx—llm ln(lnx)]“= uET*[|n(lnH)—ln(ln2)]=

u—4x J2 Il

=

Hence, 2
nzninn

diverges.

State the limit comparison test.

I Let L a, and T b, be series of positive terms.
Case I. If llm a /b =L >0, then I a, converges if and only if L b, converges.

Case II. If hm a,/b,=0 and L b, converges, then I a, converges.
Case IIl.  1f l1m a,/b,=+= and Lb, diverges, then L a, diverges.



37.43

37.45

37.46

.47

37.48

37.49

37.51

If L a,and L b, are series of positive terms and lim a,/b,=0, show by example that £ a, may converge and
I b, not converge. "

I let a,=1/n* and b,=1/n. Jim a,/b,= lim 1/n=0. But, L1/n’ converges and £ 1/n diverges.

. 1
Determine whether », ———— converges.
n=1 ¥ "3 +3 &
- . . , 1 . 1Vn*+3
I Use the limit comparison test with the convergent p-series > 575 . Then lim BV
n 1 " nmre o Am
lim \——==lim \\———=1, , i ies i .
lim -5 5= Mmoo Therefore, the given series is convergent

S

Determine whether 3 is convergent.
n=1

I Use the comparison test: % = 31; The geometric series > 3 is convergent. Hence, the given

n=1

series is convergent.

n .
i — nvergent.
Determine whether ..2-:1 iyl B converg
I Intuitively, we ignore the 1 in the denominator, so we use the limit comparison test with the divergent series
3 4 4
n/(2n*+1) n . 1 1 . N

im —= 7 - = ==, , the given se .

> 1/n. dim Jim ———— = lim 55 =7. Hence, the gi ries is divergent

-

. Inn .
Determine whether 2, i s convergent.

n=2

. . Inn)/(n* +1
I Use the limit comparison test with the convergent p-series 2 /0" ]_l.[il (_____,_) (3,2 )=
32
. n?lnn 1 Inn_ . XAt . Inn _ Iin_ _ . _
..El?m irg A T =0 (smoe, by L'Hopital’s rule, "1_15;‘” i .,E.Ta e ,.l_l.’?, 7=

0). Therefore, the given series is convergent.

. =
Determine whether E —; is convergent.

n=1

1 ,.1_; = "]m - < -e-l;, for n=3. Hence, the series converges, by comparison with the convergent geometric
n" e
series 2 l,,
n=1€

. o Inn
Determine whether 2, -, converges.

L}

. . . 1-1In
I Use the integral test with flx)= !Exi [Note that f(x) is decreasing, since f'(x)= = <0 for
x>e| | l"Txdx= lim_ | '“T"dx= lim {}(Inx7)}= lim }(inu)’=+w. Therefore, the given series
>+ = e ]

diverges.

o

Determine whether z

——— converges.
=% n(In n)* &

; . T dx . J’ *odx . ( 1 ]“)
= 2 ——— s S — = — — =
I Use the lmtegrall test w:ih flx)=1/x(Inx)" _L Tn 2y "]_l.l'l'lw 2 ¥(nx) I‘1_151» el N
lim [ - (--—* - —)] = —_ Hence, the series converges.

Inu In2 In2

et

Give an example of a series that is conditionally convergent (that is, convergent but not absolutely convergent).

= _qyn+1 1 . i
1 > g—ln— =1- % + % “2 +--- is convergent by the alternating series test (the terms are alternately
n=1

. . 3 - l LR
positive and negative, and their magnitudes decrease to zero). But E i(—“;}“
n=1

=2 % diverges.

n=1




37.52

37.53

37.54

37.55

37.56

37.57

37.58

37.59

37.60

State the ratio test for a series L a,,.

I Assume a,#0 for n=n,.
Casel. If llm |a,../a,| <1, the series is absolutely convergent.
Case II. If Ilrn la,,,/a,] >1, the series is divergent.

Case I, If llrn la,.,/a,| =1, nothing can be said about convergence or divergence.

n+l

= 2
. n .
Determine whether E —; is convergent.

. . + Y n+1 + i 2
I Apply the ratio test. ..IJ.T* la,../a,|= ,.!‘.w % =,‘,.+, ("n I* % =n|_,.,£.x (1 + %) .% = % <1
Hence, the series converges. (The integral test is also applicable.)
ot
Determine whether 2 az is convergent.
n=1 N + 1
. . . ™ 1 tan"'n _ w2
I Use the comparison test with the convergent p-series 3 Z i Clearly, Ty < gt Hence, the
given series converges. (The integral test is also applicable.)
Determine whether 1-— 2 + -3:2— - -—3 +- z ) (f 1) is convergent.
3 3 3 n=0 3

I By the ratio test, the series is absolutely convergent; so it is certainly convergent.

. - .ontl
Determine whether 2, (-1) Sn 1] converges.
=0
I Although the terms are alternatively positive and negative, the alternating series test does not apply. since
n+1 . 1+1/n

L s St U

#0. Since the nth term does not approach 0, the series is not convergent.

Find the error if the sum of the first three terms is used as an approximation to the sum of the alternating series

DIEHE

nm]

I The error is less than the magnitude of the first term omitted. Thus, the approximationis 1—1+ 1=
Z, and theerrorisless than}. Hence, the actual value Vsatisfies % <V <. [N.B. Itcan be shown that

V=In2~0.693.]

S G A O
2 =l

. e . 1 .
Find the sum of the infinite series + 57 o correct to three decimal places.

=

]

J We want an error <0.0005. Hence, we must find the least n so that 1/a!<0.0005 = 5%5; that is,
n!>2000. Since 6!=720 and 7!=5040, the desired value of n is 7. So we must use —1+4 -1+
% — w0 + 7% = — 95 = —0.628. [The actual value ise”' ~1.]

1) =1- % + 1_16 - ;-1 + -+ to two decimal places using the method based on

=0
the alternating series test. Chcck your answer by finding the actual sum.

Approximate the sum 2

I We must find the least n such that 1/4" <0.005= s, that is, 200<4", or n=4. So, if we use

14 L L =3 the error will be less than 0.0005. Since £ =0.796-:-, our approximation is 0.80.

To check, note that the given series is a geometric series with ratio ~ {, and, therefore, the sum of the series is

1 4 TR

“'"—1) =35= 0.8. Thus, our approximation is actually the exact value of the sum.
-4

E ( 1)n+l

n=1

L
16

Estimate the error when is approximated by its first 10 terms.

hl'—‘
+
=1

I The error is less than the magnitude of the first term omitted, which is 1/117 =~ 0.0083.



37.61

37.62

37.63

37.64

37.65

37.66

37.67

How many terms must be used to approximate the sum of the series in Problem 37.60 correctly to one decimal
place?

I We must have 1/n*<0.05=+, or 20<nr? n=5. Thus, we must use the first four terms 1- 1+

3~ i =15=0.79. Hence, correct to one decimal place, the sum is 0.8.

Estimate the error when the series 1— 4+ 4 — 4 +--- s approximated by its first 50 terms.

I a,=(-1)"""/(2n—1). The error will be less than the magnitude of the first term omitted: 1/(2(51) — 1] =
1. Notice how poor the guaranteed approximation is for such a large number of terms.

. . 1 1
Estimate the number of terms of the series 1— = + —

1 . N
T + -+ required for an approximation of the sum
which will be correct to four decimal places.

I We must have 1/n° <0.00005= zg, n*>20,000, n=12. Hence, we should use the first 11 terms.

Show that, if ¥ a, converges by the integral test for a function f(x), the error R,, if we use the first n terms,

=

satisfies [7,, f(x) dx<R, < [ f(x) dx.

I R, =a, +a,,+ . If weapproximate by the lower rectangles in Fig. 37-1, then R, < {"*' f(x)dx +
i f(x)de+--=[7 fx) dx. If we use the upper rectangles, R, > ["? f(x)dx+ ["72 f(x)dx+ ---=
Joo flx) dx.
A
au ————————
A | = = - — -
N .
nn+l
Fig. 37-1

ES

1
Estimate the error when >, pwe is approximated by the first 10 terms.

el

=

i (T )t () o e
I By Problem 37.64, R"""(Lo e v Jio _.,ELT,V )" w =0.025. In addition,
l —_

i (L

lmw 4x
R, > E——I' (-—— )— i (—E-—-l—)—laO()ZZ? H h lies b 0.023 and
,05 " 4x2_n—lﬂ1== ax b)) = dim e #/"u . . ence, the error lies between 0. an

. 1 .
How many terms are necessary to approximate 2 —; correctly to three decimal places?

el

Tdx_ (_"_1])_ _1(i_i)__l_
I By Problem 37.64, the error R,‘<L xJ—I‘EnJ_ 5% 1 = lim_ CAtE i) kv To get

1/2n* <0.005= 35, weneed 100<n’, n>10. So atleast 11 terms are required.

What is the error if we approximate a convergent geometric series > ar by the firstnterms a+ar+---+
=1 n=0
ar"”?

I Theerroris ar"+ar"*'+-:., a geometric series with sum ar"/(1— 7).



37.68

37.69

37.70

37.71

31.72

37.73

37.714

31.75

1 1

If we approximate the geometric series E = 1+ 3 + 5t by means of the first 10 terms, what will the
error be? "o
@) 11
d By Problem 37.67, the error is 1-1- 4’5
- 1
For the convergent p-series > P (p>1), show thatthe error R, after r terms is less than G—%F'
n=1 — n
"'_4_x_ “dx . { 1 _“,]"}_ . 1 ( 1 1 )
' 1By Pliablcm 3?.64’ R,, < xF u]-{+a n IP ul-l-I-ll-]w l_Px o) n];l-Tu 1 - P “p—l - nl"‘i -
p-1n"
n+1 2“
Study the convergence of 2 D" =
n=0
. . 2" Y(n+1)!
I Use the ratio test. Jim la,./a,|= lim % = lim - =0. Therefore, the series is abso-
Iutely convergent. ) i
. o~ n!
Determine whether Eﬂ 2n)! converges.
I Use the ratio test.
. |a,. (n+DVRE+ D] n+1 . 1/n+1/n* 0
1 pul .l 1y - - ==
v L Y TETOL AT Dt A G ima 2 4"
Hence, the series converges.
Determine whether 2, n(3)" converges.
LD
+] ayntl
I Use the ratio test. lim ”—”|= wz lim ntl 3 lim 2(1+—1-)=§<1.
nete | @, A+ n(%) n—++= A 4 asr= d 4

Hence, the series converges.

.2
2 n"e™™ convergent?

n=1

. o —nl i~ - .
I Yes. Since Inx/x<1l/e<}, we have n"¢ ™ =1/e" 1 """l c1/e" "V = (1/1/€)", so the given
series is dominated by a convergent geometric series.

2 ( l)n-H sin (‘ﬂ'fn)

n=1

Determine whether converges.

sin (m/n)
nZ

1
- 1
2=

1 N . . .
= —. Hence, the series is absolutely convergent by comparison with the convergent p-series
n

1 1 1
Study the convergence of 1- 55 Pl +-e-
> 1)'m 1 1 . )
I The series is E PO Note that, for n=2, S om So, by comparison with the convergent

"M“I\

the series is absolutely convergent.

1
geometric series Yk



37.76

37.77

37.78

37.79

37.80

37.81

37.82

22+1+32+1_4’+1 .
2241 F+1 £ +1

Study the convergence of 1-—

£ 2

- . n +1 . . - -

I This is the series 2, (—1)""" P By the alternating series test, it is convergent. By the limit
n

n=1
. . . (@D +Y) AP +1) 1+ 1/n° . - 1
comparison test lel.h E1/n, "I;IHI” 1in = ”11_111_) Pl ddm s s 1. Since Z:‘ n

diverges. Hence, the given series is conditionally convergent.

is divergent, > n:, I !

n=1 N 1

Prove the following special case of the ratio test: A series of positive terms I &, is convergent if ]in;; a,,.la,
n— 4=
=L<1.

I Choose rsothat L <r<1. There exists an integer k such that, if n=k, then |a,,,/a,~L|<r-L,
and, therefore, a,,,/a,=|L +(a,,,/a,—L)|<=L +|a,, /a,—L|<L+(r—L)=r. So,if n=k, a,,,la,
<r. Hence, a,. lJa,<r, a, <ra, a.,a., <r, a.,<ra, < r’a...; ol O <1,
a,,, <r"a,. Hence, by comparison with the convergent geometric series ra, + r’a, + r’a, +---, the series

E a,=a,  +a,,+--- is convergent, and, therefore, the given series is convergent (since it is obtained

i=k+1
from a convergent sequence by addition of a finite number of terms).

@

n
Test 2‘ e (EP D) for convergence.

-~ +
I Use lhse limit comparison test with the convergent p-series > ;}5 nl(n 1)(1'}’:;2)(”+3) =
n 1 n=1

Hence, the given series converges.

GIDG+2)m+3) - A+ Und+2md+am &

=

3
n
Test 2 may for convergence.

r=1

r=—==—=>>1, since In2<

3 n+l 3
I Use the ratio test. lim 22*! = }im (n 1)7/n2)""" lim (1+ l) 1
n In2 In2

n—etw g R nal(]n 2)n n—st®
Ine=1. Therefore, the series diverges.

£

3
Test 2 m%j; for convergence.

n=1

a,, . + 1) Y(n+ 1) . 1\"
I Use the ratio test. lim =2 = lim (H—)—L= lim (1+;) =e>1. Therefore, the

A=+ ® a" R+t n"ln! A=+

series converges.

n

i =

=
Test E ; for convergence.
n=1 Tt:

=

a,. . + 1" Y(n + 1) . 1\"
I Use the ratio test. lin;:w —:I—‘ = hrg” ("—)n%(‘"_l = ,,]"9” (1 + ;) =e>1. Therefore, the

series diverges.

1 1 1 1
Determine the nth term of and test for convergence the series e + 7 + 7 + 5 + e
I The nth term is 1/(3n+ 1)~ Use the limit comparison test with the convergent p-series L 1/n>
. 1/@Ba+1yY ( )2_ . ( 1 )2_1 . )
,.l_'.T» 1/ ,.LT» In+1) ,,]_1,‘1’,, 3+1/a) "9 Therefore, the given series converges.

L + 1 + 1 e

3-4 4:5.6 56-7-8 ’

I The nth term is 1/(n+1)(n+2)---(2n). The nth term is less than 1/2-2---2=1/2". Hence, the
series is convergent by comparison with the convergent geometric series > %

n=1

. 1
Determine the nth term of and test for convergence the series 3 +,

10



37.84

37.85

37.86

37.87

37.88

37.89

37.90

37.91

. . 2 3 4 5
Determine the nth term of and test for convergence the series T3tsatsstaet
I The nth term is (n+1)/n(n+2). Use the limit comparison test with the divergent series L 1/n.

1imn+ll‘n(n+2)_ .oon+1 1+1.“ﬂ_1 H the gi ies di
Jim 7 = lim == = lim - =1. Hence, the given series diverges.

4
?4...‘

. . 3
Determine the nth term of and test for convergence the series + 7 +

<l v

) 1 .
I The nth term is n/(n+1)". Observe that e Y = < el Hence, the series converges by
comparison with the convergent p-series L 1/n”,

Determine the nth term of and test for convergence the series 1+ 2+ 5+ & +---.

I The nth term is (n+1)/(n* +1). Use the limit comparison test with the divergent series ¥ 1/n.

,,],".T* %1—) = ,.1_i.r5'* % = n_’.” % = % =1, Therefore, the given series is divergent.
Determine the nth term of and test for convergence the series % + %—% +3 84161 + 5% 84 1? ?4 o,
I The nth term is 5:41(gin3~ 7 The ratio test yields

A B 200 2 22

Hence, the series converges.

Determine the nth term of and test for convergence the series 3+ 5+ 35 + & + -

d The nth term is (2n +1)/(n® + n). Use the limit comparison test with the convergent p-series I 1/n>

. (n+0)HnP+n) . R(2n+1) . on(2n+1)y . 2+1/n L

1 S A VAR 2 Sy | = = = 5 =2. Hence, the series is con-
n—l.n:-lx lfnz ,.-.Tw n(n2 + l) n—I>~'= n-+1 "l_" 1+ 1/n° ! ! "
vergent.

Determine the nth term of and test for convergence the series 3§ + 37 + g + 535 + - -,

f The nth term is (2n+1)/(n+1)n’. Use the limit comparison test with the convergent p-series £ 1/n”.

i Qn+1D/(n+ D’ fim 2n+1 _ in 2+ 1/n
am_ 1/n? Tamt= R+l = 14 1/n

= 2. Hence, the given series converges.

Lo,2 03 . 4
221 33¥-2 4 -3 524

Determine the nth term of and test for convergence the series + e

I The nth term is n/[(n+1)’—n]. Use the limit comparison test with the divergent series T 1/n.

. al{(n+1)*—n) o 1
ul—l-rl 1/n s nP+n+1 _NE"'},, 1+1/n+1/n*

=1. Hence, the given series is divergent.

Prove the roor test: A series of positive terms  a,, converges if liT Va, <1 and divergesif lim va,>1.
s 4 x n—s 4 x

I Assume lim /@, =L <1. Choose r so that L <r<1. Then there exists an integer k such that, if
# q—t = . . .
n=k, Va,<r, and,therefore, a,< r"._ Hence, the series a, +a,,, +--+ is convergent by comparison

with the convergent geometric series 5_‘, r". So the given series is convergent. Assume now that
lim /@, = L>1. Choosersothat L>r>1. Then there exists an integer k such that, if n=k, Va,>r,

ot

and, therefore, a,>r". Thus, by comparison with the divergent geometric series X r", the series
Lo . N n=k

a,+a,,, +--- isdivergent, and, therefore, the given series is divergent.
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37.92.

37.93

37.94

37.95

37.96

37.97

37.98

37.99

37.100

®

1
Test 22 nny for convergence.

n . 1 .
I Use the root test (Problem 37.91). limV/a, = lim_ = 0. Therefore, the series converges.

= n+t

Test D, P for convergence.

n=1

I Use the root test (Problem 37.91). lim(/a_,, = l_i_n}x \“/2(2"!:1") = I_i.ll‘l“ W{Z!n) =1-0=0. Therefore. the
series converges.

=

Test 2, (l + é) for convergence.

n=1

I The root test gives no information, since lim /@, =1. However, lim a,=e#0. Hence, the series
. — = n—s+=
diverges, by Problem 37.1.

. . 1
Determine the nth term of and test for convergence the series - -z- S5 +5- =5 -z

I a,=(-1)""[n/(n+1)]/(1/n*)y=(=1)"""[1/n*(n + 1)]. Since |a,|=1/n*(n+1)<1/n’, the given scries
is absolutely convergent by comparison with the convergent p-series £ 1/n°.

. . 2
Determine the nth term of and test for convergence the series 31733 +os === +

42 53 6 4

I o, =(-1)"""[(n+1)/(n +2)](1/n). The alternating series test implies that the series is convergent.
However, it is only conditionally convergent. By the limit comparison test with X1/n,

. (a+l)/(n+2)n . on+1 . 1+1/n .
lim_ T = lim_ 5 = Jim T 1. Hence, I |a,| diverges.
2 28 2
Determine the nth term of and test for convergence the series 2— G T
5 2n+1 1
I o =2""Y2n-1 Use the ratio test. lim 225 = Jim 2—,&:—1—2— = |i 0.

e, e 2 2n — 1) e Zan F D)
Therefore, the series is absolutely convergent.

4 9 16
2°+1 3F+1 4 +1

. . 1
Determine the nth term of and test for convergence the series 3

I a,=(-1)""n%(n" +1). The series converges by the alternating series test. It is only conditionally

convergent, since > la,|= > =7 diverges, by the limit comparison test with the divergent series £ 1/n.

s rl]l-l n l
. nzf(n' + l} o . H
L V. i i L TS VTS

Determine the nth term of and test for convergence the series 2— 3+ 3 — 3+

I a,=(~1)"""(n+1)/n. This is divergent, since lim|a,|=150.

3 1
= . ER S
Test the series E} (-1) TYCES)) for convergence.

1 _ This series converges by the alternating series test. However, it is only conditionally convergent, since
,g, In(n+1)
divergent series £ 1/n.

is divergent. To see this, note that 1/lnn>1/n and use the comparison test with the

12



37.101

37.102

37.103

37.104

37.105

37.106

37.107

37.108

1 1 1 1 1
e b e e o e,
V2 Ve VR VD VR
I a, =(-1"""/n(n+1). Convergence follows by the alternating series test. However, applying the
1/Vn(n+1
limit comparison test with £ 1/n we see thal lim WWnln+ 1)

. n . n
\/T R VR Ry ey G B e
Al Ty m !

Therefore, D, ————= diverges, and the given series is conditionally convergent.
- 2 ’

Determine the nth term of and test for convergence the series

1,1 1.1 .
26 247 1200

n3
I a,=(-1)"""(n)). Use the ratio test lim 221 = jim YL+ D _
a,=(=1)""/(n) se the ratio test  lim_ o lim_ L)’ Jim

Determine the nth term of and test for convergence the series 1-—

=0. Hence,
the series is absolutely convergent.

Show by example that the sum of two divergent series can be convergent.

I One trivial example is L 1/n+L(—1/n)=0. Another example is L1/n+X(1—n)/n*=Z1/n>. Of
course, the sum of two divergent series of nonnegative terms must be divergent.

Show how to rearrange the terms of the conditionally convergent series 1—3 +3 — 3 +--- soas to obtaina
series whose sum is 1.

I Use the first n, positive terms until the sum is >1. Then use the first n, negative terms until the sum becomes
<1. Then repeat with more positive terms until the sum becomes >1, then more negative terms until the sum
becomes <1, etc. Since the difference between the partial sums and 1 is less than the last term used, the new
series 1+1—3+%+—41+3+4—--- convergestol. (Note that the series of positive terms 1+ 4+ 1 +

and the series of negative terms 3 + 3 + } +--- are both divergent, so the described procedure always
can be carried out.)

e n

Test X, — for convergence.
n=1

I Use the root test. lim_ Va,= lim 7—->= lim

a4 P

* lim ; =1:0=0. (We know that lil'{lm',\'/_= 1
by Problem 36.15.) Henoe the series converges.

Show that the root test gives no information when  lim va,=1.

I Let a,=1/n. I1/nis divergent and lim V@, = lim 1A/ =1. On the other hand, let a,=1/n"
Then X 1/n” is convergent and Lim va, = lim 1/Em) =1.

Show that the ratio test gives no information when lim|a,,,/a,|=1.

+
I Let a =1/n. Then % 1/m is divergent, but lim 2241 = |im VintD) _ lim — =
" g + b 1/n n—+= n+ 1
1
lim W =1.  On the other hand, let a,=1/n> Then £ 1/n” converges, but lim |a—;"—‘~| =
Ao n—s 4o
. Ur+1)P? ( n )2_ . ( 1 )2_ "
hm 1;”2 nl—luqlea H+1 unl—-tm 1+1fn hl'
Determine whether (l:;) converges.
L

1 In? 1 2 .

I Use the limit oorr;ganson test with I 1/n*"” RETW(“_;‘)S%=”EW(:I:’2) =ni@m%@=

1
lim_ 4 R =4 Jim o ST =8 lim i =0. (We have used L’Hopital's rule twice.) Since & 1/n*'* con-

-+

verges, so does the given series.

Z( 3)(1+n)

Determine whether il
n=1

CONVErges.
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37.110

37.111

37.112

37.113

37.114

37.115

37.116

I Use the ratio test lim I—a"” = lim 3"+ (n +1)°)/(n + 1) - i 3 n+2n+2 _
3 1+2/n+2/n a, | nie 31+ n?)/n! Jm o 1
e+ 1 i +1 =0-1=0. Hence, the series is absolutely convergent.

Show that, in Fig. 37-2, the areas in the rectangles and above y=1/x add up to a number y between and 1.
(v is called Euler’s constant.)

I The area in question is less than the sum S of the indicated rectangles. S=3+(2-$H)+(i—-4)+---=1.
So the area is finite and <1. On the other hand, the area is greater than the sum of the triangles (half the

rectangles), which is 3. Note that y= IiT (Z ’]—c —In n). It is an unsolved problem as to whether v is
Ak A=
rational.

Fig. 37-2

If ¥ a, is divergent and £ b, is convergent, show that I (a, —b,) is divergent.

I Assume X (a,—b,) isconvergent, Then, Xa,=Lb +L(a,—b,) is convergent, contrary to
hypothesis.

Determine whether 2, [% - (%) ] converges.
n=1

I The given series is the difference of a divergent and a convergent series, and is, therefore, by Problem 37.111,
divergent.

Find the values of x for which the series 1+ x+x”+--- converges, and express the sum as a function of x.

I This is a geometric series with ratiox. Therefore, it converges for |x|<1. Thesumis 1/(1-x). Thus,
for [x[<1, 1/(1-x)=1+x+x>+---=2 x"
n=0

Find the values of x for which the series x +x*+ x’ +--- converges, and express the sum as a function of x.

I This is a geometric series with ratio x> Hence, it converges for |x*|<1, thatis, for |x|<1. By the
formula a/(1—r) for the sum of a geometric series, the sum is x/(1 - x°).

Find the values of x for which the series 1/x +1/x* +1/x* + -+ converges and express the sum as a function of
x.

I This is a geometric series with ratio 1/x. It converges for [1/x|<1, thatis, for |x|>1. The sum is
1/x 1

1-1/x x-1°

Find the values of x for which the series Inx+ (Inx)*+ (Inx)’ +--- converges and express the sum as a
function of x.

I Thisisa geometric series with ratio Inx. It converges for [lnx|<1, -1<lnx<1, l/le<x<e The
sumis (lnx)/(1—Inx).
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