2 Integration By Parts
We can think of integration by substitution as the counterpart of the product rule for differentiation.

Suppose that u(z) and v(z) are continuously differentiable functions. Integration by parts is given by
the following formulas:

Indefinite Integral Version:
/u(:r.)-v’(:r) de = u(z)v(z) — /u’(:r)-v(:c} de.

Definite Integral Version:

r=h

/b u(z)v'(z)dr = u(z)v(x)

Tr=a

b
- / u(z)v(z) de.

2.2 Example Problems
Problem 1. (%) Find

/:vex dr.

Solution 1.

Step 1: Draw the table

+ [0 €

Step 2: From the table, we have
/‘:r.em dr = re® —e® +



Problem 2. (++) Find

Solution 2.

Step 1: Draw the table

+ D I
+ i e
— 62° e*

+ 302t e”

— | 1202% €=
+ | 36022 e*
- 720 e*

+ T20 e®

Step 2: From the table, we have

/:rﬂeI dr = %" — 62°e® + 30z%e®™ — 120%™ — T20xe” + 720e* + C.



Problem 3. (++) Find
/ rt sin z dz.

Solution 3.

Step 1: Draw the table

+ D I

+ x? sinx

— 4% —cosx

+ | 1222 —sinzr

- 24x COST

+ 24 sinz
—f 0 —cosT

Step 2: From the table, we have

/1!4 sinzdr = —r*cosz + 423 sinr + 122% cosx — 24xrsinr — 24cosz + C.



Problem 4. (++) Find

/ e® sin x du.

Solution 4.

Step 1: Draw the table

+ D 1
+ sin e’
— COsS T e’
+ [ | —sinz e”

Step 2: From the table, we have
[em sinrdr =eTsinz — e cosy — /eI sinzdr + D.

Moving all the [ e®sinzdz to one side and simplifying, we can conclude

. . ) 1 . 1
2/E’.ISIH:I‘{ET:EISID.’E—E’ICOST-FD — /exsm:r.d:r.: Eexsm:c— Eexcos:r-+0.



Problem 5. (%) Find

/:rex cos(x) dz.
Solution 5.
Step 1: Draw the table
+ D I
+ Tcosy e’
- cosr —rsinz e’
+ [ | —2sinz —zcosz €”

Step 2: From the table, we have

Moving all the [ re® coszdz to one side and simplifying, we can conclude

2 [:re:”cos:rd:r=:r.ercos:r.—excos:c—l—:cexsin:c—Q [exsin:rdﬂf

"

=refcosr —eTcosr + retsine —efsine +ecosr + C.

Dividing both sides by 2, we can conclude

1 . .
/:re‘””cos:rd:r:i re“cosr + refsinry —e“siny | 4+ C.

/ﬁex cosrdr =refcosyr —eTcosy + retsiny — 2 /eI sin r dr — /:.r:leI Cos T dr.

Problem 4



Problem 6. () Find

/ In(z) dz.

Solution 6.

Step 1: Draw the table

Step 2: From the table, we have

/111(:1‘.} dr = zIn(z) — / ldr =zIn(z)—z+ C.

L

Problem 7. (#*) Evaluate

2 .
/ * Inz dr.
J1

Solution 7.

Step 1: Draw the table

+ Inx =

-/

Hl=
e =

Step 2: From the table, we have

. 1 1 ) 1 1
3 — _pt i 3dr = — gt -t
/:t? h1$d$_4$ Ina 4/:1: dx 41" Ina 16:?: 4+

Step 3: We can now use the fundamental theorem of calculus to compute the definite integral,

=4In2—-14+ —=4In2 - —

2 1 1
/1 P Inzdr = 71!4 Inzr - —z* . T: 6

4 16




Problem 8. (** ) Derive the reduction formula

1 -1 .
/sin”[:ﬁ) dr = ——sin""!(z) cos(z) + nT /sin”_?(:c) de.

Solution 8.

Step 1: Draw the table

- D !
+ sin" () sin(x)
— [ | (n—1)cos(z)sin" *(z) —cos()

Step 2: From the table, we have

/sin“(:c) dr = —sin™ () cos(z) + (n — 1) /cosz(:r.} sin™ ()

= —sin" " !(z) cos(x) + (n — 1) /(1 — sin’(z)) sin" " ?(z) sin?(z) + cos®(z) = 1

= —sin""(z) cos(z) + (n — 1) /sin“‘z(:c) dr—(n—1) / sin™(x) dr
Moving all the the [sin"(z)dz terms to one side, we ean conclude
n /sin”(:ﬂ) dr = —sin""!(x) cos(x) + (n — 1) / sin™"?(z) dz

= [sin”(m) dr = —% sin™ ! (x) cos(z) + RT_I [sin““z(:{:) de.



Problem 9. (»x) For z € R, the error function is defined by

erf(x) = % / et dt.
Jo

/crf(:r) dz.

Find

Solution 9. We can integrate by parts,

+ D I
+ erf(z) 1
—f %crf(:ﬂ} x

Since d%crf (z) = \/QFE_‘?Q by the fundamental theorem, we have

/crf{:r) dr = rerf(z) — /%e‘mg dz.

The second integral can be solved using the substitution u = —z?, du = —22dz which gives us
1 1
/ erf(z) doe = xerf(z) + / \,Tf_reu du = rerf(x) + NG e 4+ C.

2

Remark: It is easy to check that the zerf(z) + E:/IF + C'is an antiderivative by simply differentiating.




