INTEGRATION IN POLAR COORDINATES
Elizabeth Woods
One of the main reasons why we study polar coordinates is to help us to find the area of a region
that cannot easily be integrated in terms of x. In this set of notes. I will show how to find the area

of the region using polar coordinates. Find the length of the curve using polar coordinates. Find
the surface area of the surface of revolution when a polar curve is revolved about an axis.

AREA IN THE PLANE
arga= (! LYy
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EXAMPLE 1: Find the area bounded by the ciuver=2-2sin8.

SOLUTION:  Here is the graph of this curve.

This function is symmetric with respect to the y-axis, so I'will let -x
/2 <06 < m /2 and multiply the area by 2.
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EXAMPLE 2: Find the area enclosed by the curve r =a’sin’0.

SOLUTION:  Here 1s the graph of this curve.

Since the graph is symmetric with respect to the x-. y-axis and the
origin. I will take 4 times the area of a quarter of the graph. I will

use the upper right quarter. and for this quarter. 0 starts at 0 and ends
at /2. The equation for the upper circle isr=asmo .
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EXAMPLE 3: Find the area of the region bounded by r = tan 2 6 and the rays 6 =0
and 6 =7/ 8.

SOLUTION: The bounds for integration are provided to us in this problem. 6

starts at 0 and ends at w/ 8. So let us calculate the area.
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Suppose I needed to find the area of the region enclosed by two polar curves. how coul
the area formula need to be modified? Do you remember how we found the area
between two curves in calculus I? We always wrote the integrand as the outer curve
minus the inner curve. We will approach the area of the region enclosed by two polar
curves the same way.



AREA OF THEREGION 0 <r 1(6) <r<r;(8), a<68<p

A= Ij%(rf -r2la s

EXAMPLE 4: Find the area of the region bounded by the graphsr=e 6.0<6<n
r=0.0<0<m:therays6=0and6=m.

SOLUTION: Here 1s the graph of these curves.

First of all. the bounds for integration are 0 < 6 < nn . The outer curve
1st=e 6. and the inner curve 1s r = 6 . Let us calculate the area.
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EXAMPLE 5:  Find the area of the region bounded by the curves r = 2cos 6 . 1= cos
0 . and the rays 8 =0 and 6 = /4.

SOLUTION: Here 1s the graph of this region.

The bounds of integration are 0 < 6 < nt /4 and the outer curve isr =
2cos 6 and the inner curve 1s r = cos 6. Let us find the area.
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EXAMPLE 6:
SOLUTION:

Find the area shared by the cwwves r=1 and r =2 sin 6.

Here is the graph of these two curves.

To find the area of the shared region. I will have to find two separate
areas. The first area (A 1) is the area inside the circler=2sin 6,
and the second area (A 2 ) is the region between the curves r =2 sin
0 and r = 1. Then I will subtract the second area from the first area to
find the area of the shared region. r = 2 sin 0 is a circle of the form r
=2asin 0 . Therefore 2a =2 or a = 1. Remember that a is the radius
of the circle. Recall that the formula for finding the area of a circle is
71 2. Therefore the firstareais (1) 2orm. Aj=n

To find the area between the curves, I must first find the points of
intersection of the two graphs.

2sin@8=1—>sin0=12—>0=n/6and68=5n/6
Since this region is symmetric with respect to the y-axis. therefore 6

will start at m/ 6 and end at 7w/ 2. I will take 2 tumes the area. The
outer curve 1s r = 2 sin 6 and the inner cmrve 1sr=1.
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LENGTH OF A CURVE

If f=1(0 ) has a continuous first derivative for a =6 < and if the point P (1. 6 )
traces the curve r =£ (0 ) exactly once as 6 runs from o to B . then the length of the

curve 1s
g
L=j \/ri +
-4

EXAMPLE 7: Find the length of the curve r = f1+sin 247, 0< & < ;rﬁ.
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SOLUTION: Here is the graph of this curve.

First of all. find dr/d6 .
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Now find the length.
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EXAMPLE 10: Find the length of the curver=-1 +cos 0 .

SOLUTION: Here is the graph of this curve.

First of all, when tracing out this curve, 6 will start at 0 and go to 2
.

Now find dr/d6 .
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AREA OF A SURFACE OF REVOLUTION

Ifr=1(6 ) has a continuous first derivative for a < 06 < 8 and if the pomt P (1. 6 )
traces the curve r = £ (0 ) exactly once as 6 runs from o to B . then the areas of the
surfaces generated by revolving the curve about the x- and y-axis are given by the
following formulas:

1. Revolution about the x-axis (v = 0)
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2. Revolution about the y-axis (x = 0)
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EXAMPLE 11: Find the area of the surface generated by revolving

r=cos?2 ﬁogﬂf

about the x-axis.

SOLUTION: Here 1s the graph of this curve.

0.35
.3
Q.25
0.2
Q.15F
[
Q_05F

—-sm 2 &

Joos2 &

1
% =%(cos2ﬁ)'§[-siﬂ 26)2)=

10



sin * 2 &
cos2 &
124 +gin? e 1

cos 2 & cos2 &

] =cosldd t——m0—

it

S=IDIz,s.r cos 2 & sin ﬁ’;dﬁf
«.,'l::os2f5j

13

[#2rsndds = -2rcosé|

N |
I

In this set of supplemental notes. I have done several examples of finding the area of a region.
area between curves using polar coordinates. I have also done some examples of finding the
length of the curve and the surface area of a surface of revolution. The methods are basically the
same to what we did 1n calculus I. but we are now using polar equations to represent the curves.
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