AP CALCULUS BC

Section 10.4: POLAR COORDINATES AND POLAR GRAPHS, pg. 729
POLAR COORDINATES

Up to this point we’ve dealt exclusively with the Cartesian (or Rectangular, or x-y) coordimate
system. However, as we will see, this 1s not always the easiest coordinate system to work in. So,
in this section we will start looking at the polar coordinate system.

To form the polar coordinate system in the plane,
fix a point O, called the pole (or origin), and
construct from O an initial ray called the il )
polar axis, as shown in the figure. R

Then each point P in the plane can be
assigned polar coordinates (.6), as
follows.

0 = directed angle
7= directed distance from O to P

0 _ Po.lar
@ = directed angle. counter clockwise from polar axis to oP axts
> 6=3 2 >
RS RN LR
6=-% o= 11n
e x (79 w (B4
2 2 2
(a) (b) (©)

With rectangular coordinates, each point (x.1) has a unique representation. This is not true with
polar coordinates. For instance, the coordinates (r.8) and (7.27+ &) represent the same point.

Also because ris a directed distance, the coordinates (7.6) and (—7.7+8) represent the same
point.




AP CALCULUS BC Section 10.4: POLAR COORDINATES AND POLAR GRAPHS, pg. 729
COORDINATES CONVERSION

To establish the relationship between polar and rectangular coordinates , let the polar axis to coincide
with the positive x-axis and the pole with the origin.

¥ (r, 8)
A
(I, }’) }
A tan(6) = R
: X
2 :
I ; X . 7
: (Y 005(9):—, and sm(@)zJ—
1 r r
0 |
Pole ¢ \ v .
| p—— v ? Polar axis
(Origin) X (x-axis)

THEOREM 10.10 Coordinate Conversion

The polar coordinates (r, 6) of a point are related to the rectangular coordinates
(x, y) of the point as follows.

‘)!
1. x=rcos @ 2. tan @ = =

y = rsin 6 r2=x2+y?




AP CALCULUS BC Section 10.4: POLAR COORDINATES AND POLAR GRAPHS, pg. 729

Sample Problem #1:

Convert each of the following points into the given coordinate system.

2r i
a) (_4TJ into Cartesian coordinates L x=pedsd

y = rsinf

b) (—1.—1) into Polar coordinates

Answers

ﬁ) Y=-4 e:a'ﬂ'/.s

Xz -y (os(’-ff/.b): ‘Ims("lg_,):l L(‘Q, -Qﬁ')

Y= -4 sin (2w ) = -4 Sin (W3)=-213

b) (-L-Dison e TH g(uanmd, omd Fomdzl = 6= STy
V2 v=\2

(7=, 57) |




Sample Problem #2:

Convert each of the following into an equation in the given coordinate system.

a) Convert 2x —5x° =1+ Xy into polar coordinates.

b) Convert 7 = —8cos( &) into Cartesian coordinates.



Answers

o) 2X-5X>=1+4%Y

2 .
2v(C0s8 - 5r*cos@=1+Y co36%INO

b) v= -%cos () (mdlh'ply bla r)
vi —grcos(e

X*4+y2= - %X
X24gx+y =0
X2+ x4 16 +y2= 16

&q)’#y’-z 16




COMMON POLAR GRAPHS

LINES: Some lines have fairly simple equations in polar coordinates.

1. 6=p

We can see that this 1s a line by converting to Cartesian coordinates as follows

8=
(2
X
l=tan/3
X
y=(tanf)x

Ths 15 a line that goes through the origin and makes an angle of B with the positive x-
axis. Or, mn other words 1t 1s a line through the onigin with slope of tan 3 .

2. reos(0)=a

Thus 1s easy enough to convert to Cartesian coordinates to x =a . So, this 1s a vertical
line.

3. rsin(@)=>5b

Likewise, this converts to y = b and so is a honizontal line.



Sample Problem #3: USE YOUR POLAR COORDINATE GRAPH PAPER

3r g 2
Graph 6 = T‘ rcosf =4 and rsind = -3 on the same axis system.



Answers

3 ; :
Graph 6 =T, rcosf =4 and rsin@ =—3 on the same axis system.

Fi Y
S rsing=-3
‘ \1:-3
v 0: 3t
Ycose=4 N



CIRCLES:

Let’s take a look at the equations of circles in polar coordinates.

1.

w
.

r=a.
This equation 1s saying that no matter what angle we’ve got the distance from the origin
must be a. If you think about it that 1s exactly the definition of a circle of radius a
centered at the onigin.

So, this 1s a circle of radius a centered at the origin. Thus 1s also one of the reasons why
we might want to work in polar coordinates. The equation of a circle centered at the
origin has a very nice equation, unlike the corresponding equation in Cartesian
coordinates.

r=2acost.
We looked at a specific example of one of these when we were converting equations to
Cartesian coordinates.

Thus 1s a circle of radius |a| and center (a.0). Note that a might be negative (as it was

1n our example above) and so the absolute value bars are required on the radius. They
should not be used however on the center.

r=2bsing .
Thas 1s similar to the previous one. It 1s a circle of radius |b| and center (0.5).

r=2acosB +2bsinb .
This 1s a combination of the previous two and by completing the square twice it can be

shown that this is a circle of radius Va> +b> and center (a.b). In other words, this is
the general equation of a circle that 1sn’t centered at the origin.



Sample Problem #4: USE YOUR POLAR COORDINATE GRAPH PAPER

Graph r =7, r=4cos8 ,and r =-7smn6 on the same axis system.

10



Answers

Sample Problem #4: USE YOUR POLAR COORDINATE GRAPH PAPER

Graph 7 =7, r=4co0s8 ,and r =—7sin6 on the same axis system.
Y = 4c0s38
vZ=4rees®
X 4Y%=4x
xax+d+y =t
(x-2) Y=Y

V=7

I r=-73in6
(%= —3rsiné
Xz-l-‘Iz:‘qY
2 2 = q
SRR S

XYy 2
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CARDIOIDS and LIMACONS:
These can be broken up nto the following three cases.

1. Cardioids: r=a=acosf and r =a+asinf .

These have a graph that 1s vaguely heart shaped and always contain the origin.

2. Limacons with an mner loop : r =a+bcos6 and r=a+bsinf witha<b.
These will have an inner loop and will always contain the origin.

3. Limacons without an inner loop : r =a+bcos6 and r=a+bsinf witha>b.
These do not have an inner loop and do not contain the origin.

12



Answers

Sample Problem #5: USE YOUR POLAR COORDINATE GRAPH PAPER
Graph r=5-5smnf , r=T7—06¢cos6 _ and r=2+4cosf .
Y= 5-5sino

I 6|V
0]S T }Sﬂﬂ
1 2.5 SW,
T |0
’ ;“'/'Z 15/, ney Srmﬂda

————

3y, | 10
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Sample Problem #5: USE YOUR POLAR COORDINATE GRAPH PAPER

Graph r=5-5smn6 , r=7—6¢cos8,and r=2+4cosf

14



Answers

Sample Problem #5: USE YOUR POLAR COORDINATE GRAPH PAPER
Graph r=5-5smnf , r=T7—06¢cos6 _ and r=2+4cosf .
Y= 5-5sino

I 6|V
0]S T }Sﬂﬂ
1 2.5 SW,
T |0
’ ;“'/'Z 15/, ney Srmﬂda

————

3y, | 10
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TANGENTS WITH POLAR COORDINATES
We will start with finding tangent lines to polar curves. In this case we are going to assume that
the equation is in the form » = f (8 ). With the equation in this form we can actually use the

equation for the derivative % we derived when we looked at tangent lines with parametric

equations. To do this howevér requires us to come up with a set of parametric equations to
represent the curve. This is actually pretty easy to do.

From our work 1n the previous section we have the following set of conversion equations for
going from polar coordinates to Cartesian coordinates.

x=rcosf y=rsinf

Now, we’ll use the fact that we re assuming that the equation is in the form r = f(6).

Substituting this into these equations gives the following set of parametric equations (with 6 as
the parameter) for the curve.

x=f(6)cosb y=f(6)sinb
Now, we will need the following derivatives.
Z—;=f’(9)c056—f(8)sin6 %=f'(6)sin6+f(6)c056
=ic056—rsin6 =isin9+rcosa
de do

The denivative d_y 1s then,
dx

Derivative with Polar Coordinates

& %sine +rcosf

dx

i1£cos(9 —rsinf
do

Note that rather than trying to remember this formula it would probably be easier to remember
how we derived 1t and just remember the formula for parametric equations.

17



Sample Problem #5:

Determine the equation of the tangent line to » =3 +8sin6 at 6 = % ;

18



Answers

Sample Problem #5:

Determine the equation of the tangent line to » =3 +8sin8 at 6 = —; : Y: rsi ne
dy  drsing +rceso
dy.de .8 HACED
dx dx  drcpse-rsing
de ch dr . $eos0
o de
Eli Lars.LG.f_és ) "32 (j/r_\=3r%:qf3
T — —_— de
o uE.G.1L 3 "
2
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For the sake of completeness here 1s a graph of the curve and the tangent line.

12
r=34+8sné
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AREA WITH POLAR COORDINATES

In this section we are goimg to look at areas enclosed by polar curves. Note as well that we said
“enclosed by instead of “under” as we typically have in these problems. These problems work a
little differently 1n polar coordinates. Here 1s a sketch of what the area that we’ll be finding in
this section looks like.

6=

r=7(8)

We’ll be looking for the shaded area 1n the sketch above. The formula for finding this area 1s,

BT 5
A=J —r de
2

A -

Notice that we use 7 m the integral instead of f(6) so make sure and substitute accordingly
when doing the mtegral.

21



Sample Problem #6:

Determine the area of the inner loop of » = 2 +4cos6

Answers

Sample Problem #6:

Determune the area of the mner loop of r =2 +4cos6 .

"llya
Zde
A-y S (244 038)

21,
uy

2
A S 4 414050 +(056 de

- d
-2
2“'/3

A .?.nJ

22



So, that’s how we determine areas that are enclosed by a single curve, but what about situations
like the following sketch were we want to find the area between two curves.

9=2

r,=g(8)

"i=f(9)

In this case we can use the above formula to find the area enclosed by both and then the actual
area 1s the difference between the two. The formula for this 1s,

i 5
A=Ja E(r;—r;.')dﬂ

23



Answers

Sample Problem #7:

Determine the area that lies inside » =3+ 2sin6 and outside rr=2.

r=3+2sné

Sample Problem #8:

Determine the area of the region outside » =3+ 2sin6 and inside r =2

r=3+2s1né

24



Answers

Sample Problem #8:
Determine the area of the region outside » =3+ 2sin6 and inside r=2.
llv‘
L 3
A- 1\ q-(5+25\n6) de 1

2
£174

—

r=3+2s1né

Az 2196 l :

. S
9= ys4
P=2
Sample Problem #9:
Determine the area that 1s inside both » =3+ 2sin6 and r=2.
r=3+2sné

g=12 Uy 274

25



Answers

Sample Problem #9:

Determune the area that 1s inside both #» =3+ 2sin6 and r=2.

A o T
A = 2.19€ ( from aboie gueshion)

g ink

r=3+2sné

ey

6= Y /112

¥=2

ARC LENGTH WITH POLAR COORDINATES

The arc length formula for polar coordinates is:

L=J'ds

where,

26



Sample Problem #10:
Determine the lengthof r=6 0<6<1.

Answers

Sample Problem #10:
Determine the lengthof ¥ =6 0<8<1.

dr
06

dsdfetn’ L. (e x[1.148 |
0

27



SURFACE AREA WITH POLAR COORDINATES

As we did 1n the tangent and arc length sections we’ll write the curve in terms of a set of

parametric equations.
x=rcosf y=rsind

= f(0)cosb = f(6)sinb

If we now use the parametric formula for finding the surface area we’ll get,

S= I 2ryds rotation about x —axis
S= I 2axds rotation about y — axis
where,
, (drY
ds = r‘+{£] do r=f(6). a<6<p

28



HOMEWORK:

SECTION 1:

For each of the following polar coordinates, find the corresponding rectangular coordinates. r (—2) 2'3 }

. (62] (0,6) 2. (—1,77") (‘?’ %) 3. (_4?)

-

For each of the following rectangular coordinates, find two corresponding polar coordinates.

5 3wy
+ 332 (3,374) 2 {lﬁ]/ (i) i) 6. (0, .4)»("IJ %
™ (-,7") Z — (-1, 21/3) (v, W2)

For each of the following rectangular equations, change it to polar form and confirm on your calculator.

7. 5x—y=17 8 =12

&6030 -Ysiné :ﬂ [ risinecesod = 12 f
9. (x-1)"+y*=1 10. x*+y’+4x=0
l+4drcos6=0
(Ycose-1) YSine=

l rcose=-‘/qJ

(= 2rcos® } v= 2(036 {
For each of the following polar equations, change it to rectangular form and confirm on your calculator.

11.r=4 12. tan’6-=9
c| n? 2.9 y%ax
j—x‘H‘:le S“\P:‘l _‘i_:_q y |
0s0 ’ 1:i 3
13. r=4sinf 14 r= :
1-cos@
,‘ [

r'zdrsinb Y=Y(056 = |

1.,
X3y= 4y Y= r(oSé

2, 2 - .
Xty -Uyid: | % viose

l x‘+f‘l-’-3z=“'—] Xy x2 7’:0@

29



HOMEWORK:

SECTION 1:

Answers

For each of the following polar coordinates, find the corresponding rectangular coordinates. 1" (—2) a3 )

. (62] (0,6) 2. (—1,77") (‘?’ %) 3. (_4?)

-

For each of the following rectangular coordinates, find two corresponding polar coordinates.

- 3y

Ly (33TA) 5 [1£] () -ms) 6 (0, -4)»("IJ %

=S (-3, 3T) 22 ) — (-1 2073) (-4, M2)
For each of the following rectangular equations, change it to polar form and confirm on your calculator.
7. 5x—y=17 8 =12
l 5rc056 -vsiné =’T-| | (*sinecese ='% l
9. (x-1)"+y*=1 10. x*+y’+4x=0
l+4drcos6=0
T . 7

l rcose=-‘/qJ

(= 2rcos® } v= 2(036 {
For each of the following polar equations, change it to rectangular form and confirm on your calculator.

11.r=4 12. tan’6-=9
c| n? 2.9 y%ax
j—x‘H‘:le S“\P:‘l _‘i_:_q y |
0s0 ’ 1:i 3
13. r=4sinf 14 r= :
1-cos@
,‘ [

r'zdrsinb Y=Y(056 = |

1.,
X3y= 4y Y= r(oSé

2, 2 - .
Xty -Uyid: | % viose

l x‘+f‘l-’-3z=“'—] Xy x2 7’:0@
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For r =2+ 3s5inf, find ;{ﬂ and the slope of the tangent line at the following polar points.
X

d_i \ y=rsing
"ﬁ: 6_._ gé Sing + reose x=v(030
o dX dr cose ~TSING dv - s3cps0
do de de
dy . 3(0s0Sine + 20056 +3€088SINO _ (ososing
dx 3(0s%6 - 2sine - 3sin’0 3c0s’0-25ind-3sinp
15. (5,5%) 16. (—1}%) d;?_ (2.x)
dy . dy >
N .0 o o ‘k-O

X : _ 5 y ; . :
For each of the following, find the points of horizontal and vertical tangency (if any)

18. r=3+sinf

(it ond, naod spm!

19. r=sinBcos’ 6, 0D<B<=n

oA M,WO/SFW./

Find the lines tangents at the pole to
20. r=4(1-cos@) 21. r=3sin26

G Jhe and, reed spO

31



Answers

For r =2+ 3s5inf, find ;{ﬂ and the slope of the tangent line at the following polar points.
X

d_i ) Y= rsing
"ﬁ: 6_._ gé Sing + reose x=v(030
Jx dX dr coso ~TSING dr - 3030
d6 de do
dy . 3(0s0Sing + 20050 +3c088SINO _ (cososing
dX 30?0 — 2sine - 3sin’s 3(0s*0-25in0-3sin'p
15. (5.5%4) t6. (-L37) 17. (2.a)
d—ql—; 0 ‘-‘-‘L =-° &30

ox ak

X : _ 5 y ; . :
For each of the following, find the points of horizontal and vertical tangency (if any)

18. r=3+sinf

(it ond, naod spm!

19. r=sinBcos’ 6, 0D<B<=n

oA M,MO/SFW./

Find the lines tangents at the pole to
20. r=4(1-cos@) 21. r=3sin26

b e and, reed spOE
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SECTION 2:

In the following, graph on your calculator and find the area of the region. Set up and use the calculator.

1. One petal of r=6cos 39 2. One petal of r=2sin26
|
% 28;(‘@55)& A‘}MA,INJSF&!.
A x § edisrde x[3425]
3. One petal of r=sin50  © 4. Interior of r = 2—sin@ (above polar axis)
.M(J Met{ Spﬂd-[
M j )
5. Inner loop of r=1-2cos6@ 6. Between the loops of r=1+2cosf

4t ond s <]

Find the points of intersection of the graphs of

7. r=2+cosf and r=2-cos@ 8 r=1+cosO and r=1-sin@
24(056=2-(050 1+c030= l—'{me
C036=-¢0S0 (056 =~-3ind
cose=0 "'M@:-l

’63 “72) ST/Z

[o-sve, ™ |

9 r=1+4+cosf and r = 3cos@ 10. r=4sin28 and r=2
4sin(26)=2
sin(z2e)="Y2

|+c0%® = 3¢0SO
| =2¢0SO

cose:lfz

[ 0= 5, SIT/:l

20=W; +2nT -M
20: s./£+znﬂ_ s.n._“zrm'

-4
6;1‘!’-}[2“11‘ O = STT-Havn

. 2 12
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SECTION 2: Answers

In the following, graph on your calculator and find the area of the region. Set up and use the calculator.

1. One petal of r=6cos 39 2. One petal of r=2sin26
|
% 28;(‘@55)& A‘}MA,INJSF&!.
A x § edisrde x[3425]
3. One petal of r=sin50  © 4. Interior of r = 2—sin@ (above polar axis)
.M(J Met{ Spﬂd-[
M j )
5. Inner loop of r=1-2cos6@ 6. Between the loops of r=1+2cosf

4t ond s <]

Find the points of intersection of the graphs of

7. r=2+cosf and r=2-cos@ 8 r=1+cosO and r=1-sin@
24(056=2-(050 1+c030= l—'{me
C036=-¢0S0 (056 =~-3ind
cose=0 "'M@:-l

’63 “72) ST/Z

[o-sve, ™ |

9 r=1+4+cosf and r = 3cos@ 10. r=4sin28 and r=2
4sin(26)=2
sin(z2e)="Y2

|+c0%® = 3¢0SO
| =2¢0SO

cose:lfz

[ 0= 5, SIT/:l

20=W; +2nT -M
20: s./£+znﬂ_ s.n._“zrm'

-4
6;1‘!’-}[2“11‘ O = STT-Havn

. 2 12
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Use your calculators to graph the polar equations and find the area of the indicated region

r=4(1+sin@) and .
11. Common interior of 12. Outside r =2sinf and inside r =2
r=4(1-sin#)
13. Inside the lemniscate of r = /25c0s28 14. Radiation from an antenna is modeled by

r = acos’ 0. Find the area of the geographical
region between the two curves for a=4 anda==6

Use your calculators to graph the polar equations and find the length of the curve accurate to 3 decimal places.
15. r=2+sinf  0<@<2xn 16. r=20 0535%

17. r=sec8 0<@ s% (No calculator) 18. r=¢f 0 <8 <x (No calculator)

Use your calculators to graph the polar equations and find the surface area when rotated about the given line.
19 r-2sind 0<fs= 9-% (No calculator) 20. r-e” 0595% 6-0
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18. r=3+sinf

Honzonhl Tanaed Verkical Tan‘sevr}
- i §_>}_=O X= TC’OS@
Oalg_:o d\/, r3iné P
51: j—';; SINa4TCE=D dx = dr cese ~VSing =0
6 o6 dée

Cose sine + (3+sins X8 =0

i €03 ~(3+Sing)sme=0
036 (Sine+33sin8) =0 fCOSG (34si 2) \
(ose (3 +2sin8) =0 C0S'® -33N6 -SIN'O=0
(056 =0 |- SIN0-28N6-8In0 =0
: _28Iwe-33ine+1=0
= Hovizondd Tomgeuct 23mM6-3
Line oF O fzn“lg 2sinte+3 sine-1=0
(n-m*g.) Sne - —%t\} g 42X
(3+(-—| ) szl)‘f/z) 2(2)
/
Sing = ~3+\13
4
+.
P RAEE © - avesin (‘-'-:5’-—3,—('—_‘;-)

(@%ﬁ ; Qres) n(’%ﬁ ))

z

Y= 3+ ':E;_g._i: 9t
qQ 4




19. r=sinfcos’ 6, 0<B<n

Hori 2ondl Ta’“?"“* Verdcal Tam M
%\}é:o \[_-.rsi»ng d_’;.:o X=rcose

d 2 » . dx - d_".cose-rsine=o
dr_(0s6Cos® —3ing-2(0588N0 |71 gg

. L] _ S'mz § -s.n? m%:o
dr . 050 -2 3inb (056 Cos'd-25MB0SO-Sin'd

de 0050 -7 SB (0S8 =0
v ?
glj_: QIJE. Sind +Y (036 =0 Cos' [cos‘e -%%mezzb
do  de | . CosD [l -4 s n’e] =0
dy - 0056~ 2SIN6(0S8 +SiN6(086: l L
dﬁ a %inze: '/q
. b ;'lT/ . L
(ose (Cos’a -2 Smg 5 +Slnefofe)=o z sine=1%
2 s : , Sind:= '/Z
C ()Sé(l-slwe-ZSlYl 8 l-Smé(_\-s'ma)):o AR
e » . . - é_‘-
0056(1—31H26-281n56+sme -smse):o =1y, %
Cose(:bsm 0 -Sin e+sme+1 =0 (V%)
] 0:-0823 , 0= 295 (¥4, 3W)

b= 11,
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———

(OJTV 2)
(0.2%,0.82%)

(0839, 2.315)
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Find the lines tangents at the pole to

20. r=4(1-cos8)

6=0=> (20 % (0,0) «polar
(0)0}4— f&.‘“&'ﬂ%\llﬁl‘

‘{:‘(‘Siﬂe

Y= 4 (1-60S8) Sing = YSind -4 Sindeso

y= 4sing -2sin(26)

X =YC0S6€

Xz 4(1-056) (03O

X = 4cose-4coSo

dx = -45sine +8¢o38SiNG

dy . 4cose - Heos (26) do
o i, -0
6
N .o
d6 6=o
u o )
d 4
d d "'(“’50‘“’5(253) cose - (2cose-1)
3{ i I: 4q ( 2sinc20)-sin6)  4sinecese -sind
dé

dy _ _ 2c0se-cose-l

(Cose YzeoseH )

X 1 5o (H4wso—) Sing (4dcose-t)

&y . (-cose) (2cose4d (es8) - (1-cos'®) (205641

dX  sine (dcose-D

( ( 14052 sind (dcoss—) (1+cose)

Y. sin'e (20036+) L Sin 6 (238 +1)

dx  sivB(4cosp- ) 14038  (cro38-1) (1+038)
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Eli =0 .._..')- Hoﬁ%m“ To\ms,ud [_rnt.
di 8=0 \I‘—‘-O

21. r=3sin260

V=0 => 8in(28)=0
20=0 — 6=0
268=T1 —= 6=,
26=2n—06=0
26=3N—=6=3,

Y= rsing= 3sin(26)siné = 6 sinto (oS0 )

dy_ 125indces®d - 6sing
de ? & &sino( 2 cos8- Sin%)

. 2
=Y = 3Si €036 = 68N COSO 2 -
Xz YC0s8 = HSin(26)C0s6 &K Bose (5% —25w0)

dx - GCoSO - 68ING- 20088
de dy_ sine (20o86-si0)
dx €038 (cos®-251n"0)

dx _ 6 0S°0 - 12 sirfg o3

de t

6=0 gi[ -0 = |lomguk: ‘l=°j
6=W2 X 6=0

el N 0 Tomgudk: =D
e:sy‘2 dK. &=m L

40



At 6:7, aud 631, 9X -0 omd 9120 =5 vnis ondefined

}-T MV"i‘ X=0

41



"
2 One petal of r = 25020 m, . sin(z6) do
Sin28=0 A_:ji.(?.sinwm) de =zS in

26=n1 6

3. One petal of r =sin36 Sin(58)=0
56=0 — ©6=0

se:=N— O:=T/g
W,

A- 55;-! (sin(se)de zlo.tsq

-]

[

42



4. Intenor of r =2 —sin@ (above polar axis)

e | 0=0 .
_ \’ J—\/ , A= S('z-sinﬁi"do'*l&“qf

D

N

olr
O |-l
5. Inner loop of r=1-2cosf . Mdlh‘ply by 2
310 [ o take advantage
OF tha SYmme'hr'&!
TI‘S
-.rvsl A:g {[-2(056-)2'&0 2 ZO.‘S‘I‘I i
0
21/,
6. Between the loops of r=1+2cos6 S _i,(l+zcose)10|0 =9,424¢
Vi

—_— 0

. \L R LUZY

=1 6=0
/f 3 s (|+2m36.)‘d0= 0.5435
i 205

et /A::: %‘.?9;7

—"'-.-—
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11. Common interior of

1,=4(1+sin6) and
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