!I- BC Calculus

Sec 9.2
Taylor & Maclaurin
Series
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Find the power series representation for
* f(x)= tan™' x
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& The n factor

Power Series' Interval of convergence

Interpreting the Ratio Test
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li 7/[ 3x—5)= (3x—:
nl_]}g[ . ( x—5) ( X ‘))

o0

| 4+ 3x—=5%0
11111(n+ (31‘—5): 0 ; 5_0
n—+m Iy —5=




i The n factor

Power Series' Interval of convergence

Interpreting the Ratio Test

h'm(ﬂ}(}r —5)=(3x—5) Converges when —1<(3x-5)<1
el p
h'm(%}(?;x -5)=0 It converges for all real #s
el 1+

lim(n+1)(3x-5)=

n—oo

It diverges EXCEPT when 3x—5=0

to 3x-5=%0
0 3x-5=0



Taylor Series

— —_—

Maclaurin
Series




i Why are we bothering?

cos0=1 cos2="7

g =2 J2 =2

Inl1=0 In2="7?

e =e e’ =2
Easily memorized and Series give us the means to
recalled evaluate functions like these

i MEMORIZE...

Converges for all real #s



What is the interval of
i convergence?

Cosle_erx ’ e (=1) al +oe=> (=1) a

¥2H+2 (2}!

. . -Yz
- (2_;;4.2). " - (2?.?+1X2H+2) =0

(_1)n+1 .YQ(”H} (2;?)!

(2(n+1))t (1) x>

lim

H—*

0<1 Regardless of what x equals

Series converges for all real #s



Think about it

For all real #s

And all we needed to know was

how cosx behaves at x =0.




i Now, let’s find Sin

Letx=0

10 — . X
sl =c¢ sinx =x——+
c=0 3!

i Interval of Convergence

Integration does not change the interval of convergence.

So the Sin series also converges for all real #s.
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For all real #s
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* Now, let's generalize

Original 1 derivativ ” L
g 1" denivative 3 Jerivative

Function 2”d deriv imy
U

You can see the factorial and exponent are the same.

And, they are the same as the derivative #.
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So, what is the nth term?

Example:

th fzﬂ(()) 20

207 term =
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* Generalizing

If series is centered at x = 3,

The nth derivative at x = a

n factorial (x — a) to the nth power
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Definition: Taylor Series

if fis a function with derivatives of all orders throughout
some open interval containing &, then:

0! = 1, so the first term will always end up being f(a).

A Taylor Series centered at @ = 0 is known as a Maclaurin Series.
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and its interval of convergence at x = 0

* Ex) Find the Taylor series for f(x) = eX

=3 ay

n=0
n Derivative At x=0
0 fx)=¢" 7(0)=1
L S f1(0)=1
| | e
z X)=¢
o ) F"0)=1
4 f(x)=e .
/(0)=1




f() 2 f"‘()

(x—a) ++——=(x—a) +...

fla)+ f'(a)(x—a)+
i Let’s build our series
] ]

e =l+—x+—x"+—x"+...
21 3!

2 3 ]
X X X

el e

2! 3!

71!

_71'2 ;,;3
Example: e —l+‘)+—+—1+
£ .
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To find the interval of convergence,
do Ratio Test on S

n=0 H!

1

d

n+l1

n+l X n! X |
= — | = -—>0<1
a (n+1)! x n+1

1

The series converges for all real #s and
the radius of convergence is R =00

And we only needed to know behavior at x=10 I
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Memorize These

Taylor Series = Z /" (”) (I_n)u

!

. X’ X"

e =14 x+— 4t
2! mn!
1.3 Tj Tﬂn+1

sinxy =x——+——--+(=1) +
315! (2n+1) !
2 4 In

cos Y = —L+L—---+(—1)" r +..
2! 4! (2n) !

(all real #s)

-+ (all real #s)

(all real #s)

(—1-::1-::])
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Another Ex) Find a power series

i expansion for In(x) centered at x = 1.

n Derivative Atx=1

0 f(x)=Inx f()=0

| fw=4 (=1

2 SW=)e W=

3| =Y, | =2t

4 | frw="2Y, f'()=-2-3=-31

S P23 P )=234=4

When finding the derivatives, look for the factorial patterns.
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* Now let’s write our series

f("{') = i f (Ta) (1- _ ﬂ')”
n=0 1.

f(x)=0+1(x-1)- _1) 2*(" 1) 3'(\ 1)

P ST ) i B ) YR L) SO
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Find the Interval of
Convergence

in(e-1)=3 (-1 D

1

(T 1) " n
n+1 (1——1)

lim

H—0

=(x-1)

lim (¥ 1)

n—m

n+l1

—l<x-1<1




* Series techniques still apply

1 52

Find the Maclaurin series for L‘DP’I)
. * 2n

cosx=1-—+=——+(-1)'Z—+ (from earlier)
21 41 (2n)!

msEx:l—M+@— (1) (2x)" +

21 41 (2n)
2_ 2_ 4 2 In
1+CDSZI=2—ﬁ+ﬂ—---+(—1)”ﬂ+
21 41 (2n)
1+c0521=3_(2x}; +[Ex)4____+(_1)nM+__
2 2 212 412 " (2n)2
2 3 4 In-1
1+f052:r:l_2x +2x —---+|[—1) 27 x 4
2 21 41 (2n)!
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z X" e* —1
x
e = — g X)=

=0 n! ( ) xz

Find the 15t three terms of a series for g(x) and

the general term.
2 3

. X X x"

e =l+x+—+—+ b —+-
3! n!

. o) X"

e -l1= x+—+—+-4+—+--
2t 3! n!
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