10.5 The Ratio and Root Tests

Preliminary Questions

. . . . a
1. In the Ratio Test, is p equal to lim or lim 212
H—>00 aﬂ =00 a?!-l-l
i _ ; . C e 41
SOLUTION In the Ratio Test p is the limit lim :
n—oo| dy
oo oo 1
1 v 17 - _ X 7 J —
2. Is the Ratio Test conclusive for Z on Is it conclusive for Z .
n=1 n=1
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T v Tl al f L = L. hi
SOLUTION 1e general term o Z o isay = Z_H’t us,
n=1
dn+1 . 1 2n . 1
an | 21 1 27
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p= lim AR e
n—o0 | dp pi
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Consequently, the Ratio Test guarantees that the series Z on converges.

n=1

o0
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The general term of E — 1s an = —: thus,
n

n=1 n
An+1| 1 n_ . n
dn T n +1 1 T n +1
and
p = lim nt1) _ lim
n—+00 | dp n—oon + 1

o0
The Ratio Test is therefore inconclusive for the series Z —.
n

n=1




3. Can the Ratio Test be used to show convergence if the series is only conditionally convergent?

SOLUTION

No. The Ratio Test can only establish absolute convergence and divergence, not conditional convergence.

Exercises

In Exercises 1-20, apply the Ratio Test to determine convergence or divergence,
or state that the Ratio Test is inconclusive.
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n=1

soLUTION Witha, = 5%
an+l l Sn 1 . a"+l ].
—| = +— = — and = lim =-<1.
an | 11 5 P = nS00| an |~ 5
oo
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Therefore, the series Z = converges by the Ratio Test.
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00 —1
=D)""'n
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n=1
_1yn—1
SOLUTION Witha, = i—l,;;u
a n+1 5" n+1 . |a 1
ntl) _ + — = + and p= lim ntll_ C <.
an sntl 5n n—o00 | ap 5
3 (D" .
Therefore, the series e converges by the Ratio Test.
n=1
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SOLUTION Witha, = .

dn+1| 1 n" n )"_ 1 1+l -
an | @+ 1 a41\n+1)  n+1 n ’
and
. |an41 1
p = lim =0--=0<1
n=>00| dp e

oo
: 1 .
Therefore, the series E —, converges by the Ratio Test.
n
n=1
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n+4+2
4.
Z 5n3 +1
n=0

- - s _ 3n+42
SOLUTION Witha, = s34’

ant1| _ 3@m4+1D+2 Sn3+1 3m+5  snd 41
an | Sm+D34+1 3n+2  3n+2 5m+13+1
and
p= lim | =1.1=1
n—oo | ap
co
In+2
Therefore, for the series Z , the Ratio Test is inconclusive.
5n3 +1
n=0
1
‘We can show that this series converges by using the Limit Comparison Test and comparing with the convergent p-series Z -
n
n=1
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) D

n=1

SOLUTION Withap = 3.
An+1| n+1 'n2+1_n+1. n% +1
an (n+1)2 +1 n n  n242n+
and
p=lim a’;:' —1-1=1.

oo
. n . L. .
Therefore, for the series E ———, the Ratio Test 1s inconclusive.
— n2+1

We can show that this series diverges by using the Limit Comparison Test and
comparing with the divergent harmonic series.
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n=1
SOLUTION Witha, = %
a am+l 2n a
Satll 2 == and p= lim SRS ST
dan n+1 27 n+1 n—>oo0| ap
2n
Therefore, the series Z — diverges by the Ratio Test.
n=1"
7. Z i,3100
R 2"
SOLUTION Withap = ~1q5-
a 2n+l nlOO n 100 a
ntl) _ . = and p= lim Sntll _9.q100 — 55,
an (n+1)100  2n n+1 n—oo | dap
2?’!
Therefore, the series Z dl\ erges by the Ratio Test.
n=1"
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et 3n?
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SOLUTION Witha, = ;;—2
ans1| _ (m+1)>3 37 n+1)\> 1 dn+1
1 = > T3 = . and p= lim d =13.0=0<1.
dpn 3(n+]-) n3 n 32”+1 n—>00 | dp
(e o] n3
Therefore, the series Z o2 converges by the Ratio Test.
n=1 3
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SOLUTION Witha, = ;%n..
2
Any1| _ lortl on _ 1 o An+1| _ _
. |= NED T s 10 Jan+1 and p= nl_l;léo 4 | 10-0=0<1.
- 107 :
Therefore, the series E 2”—2 converges by the Ratio Test.

n=1



10. Z =
n=1

- - _ e
SOLUTION Witha, = T
entl n! e

ShrD e a1 M=

dp+1
Un

an+1
dn

‘=0<1.

o0 n
: e :
Therefore, the series z — converges by the Ratio Test.
n

n=1""

o0 en
11. Z n—n
n=1

. n
SOLUTION Witha, = 7.

ant1| ent1 ﬁ_ e n ”_ e 1+l -
an | @+D"t1 en  pir1\n+1)  n+1 n ’

and

= lim
p n—0o0

ap

o n
. e .
Therefore. the series E — converges by the Ratio Test.
n
n=1
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12. Z —
=1

. 40
SOLUTION Witha, = "+ .

ant1| _ +DY* a1 41\ 1 1+1 40
an | m+D! p%0  n41 n T n+41 n ’
and
. a
p= lim |“"—0.1=0<1.
n—00 an
% 40
Therefore, the series Z — converges by the Ratio Test.
=
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13. o
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n=0
SOLUTION Witha, = g—},,
Intl _(n—{—l)!_g_n—kl and = lim fntl co>1
apn | 6t ol 6 P= i an |
X! .
Therefore, the series Z rm diverges by the Ratio Test.
n=0
oo n'
4. )" S
n=1
SOLUTION Witha, = ;’—'
a n+1)! n° n® a
ntl =(+)‘—=7 and p= lim Las S
an n+1°2 n! (n+1)8 n—oo | ap
o= ,
Therefore, the series Z —g diverges by the Ratio Test.
n
n=1
= 1
15.
Z nlnn
n=2
SOLUTION Witha, = nﬁm,
an+1| 1 nlnn _n Inn
an | (4 Dlhan+1) 1 n4+ll@n+1)
and
y ap+41 11 Inn
= lim |[——|=1- lim .
P=wS% an n—oo In(n + 1)




Now,

In Iy 1 1
. m Y lim Ve+D)

im ———— = lim = = lim =
n—oo ]_11(n + 1) X=—>00 ]_11(x + 1) X—>00 l/x x—00 x + 1
|
Thus, p = 1, and the Ratio Test is inconclusive for the series Z .
= Inn

o0
: . 1 :
Using the Integral Test, we can show that the series E TInn diverges.
nlnn
n=2



= (2n)!
SOLUTION Witha, = (231)“
dn+1 1 (2n)! 1 . |an+1
an @n+2)! 1 en+22n+1) 0 PT el g, <
o0
Therefore, the series z an)! converges by the Ratio Test.
n=1 ’
o0 2
n
17. Y
]
—= (2n + 1)!
SOLUTION Witha, = (,Zn"—il),
ans1|  (m+ D2 @2n+1)! (n+41)? 1
an | (2n +3)! n2  \ n (2n +3)2n +2)’
and
p= lim |t —12.0=0<1.
n—oo | ap
>
Therefore, the series —————— converges by the Ratio Test.
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!
n=1 (3n)
n3
SOLUTION Witha, = g?‘z))‘._
ant1| _ (@ +DY° Gm)! _ (n+1)3 o on*43n%+ 3+
an | G+ D3 Gn+3)Cn+2)@Bn+1) 23 +54n2 +33n+6

1+ 3l +3n2 4103
T 274 54n~1 43302 4 6n3

and
p= lim dn+1 =L <1
=00 | dp 27
o— (n)3
Therefore, the series z converges by the Ratio Test.
(3n)!
n=1
= 1
19.
2 oy
n=2
SOLUTION Witha, = .
n mi1
Ant1| 1 2”+l_l+2_”
an | 2tl41 1 T 242n




and

oo
Therefore. the series Z
n=2

2n 4+ 1

1

= lim
p =00

converges by the Ratio Test.
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20. E o
n=2

) 1
SOLUTION Witha, = —.
Inn

apt1| 1 In(n+1) In@m+1)
dn " lnn 1 Y
and (using L’Hopital’s rule)
‘ nt1 ) di In(x + 1) ) x
p= lim lim €% r = lim =1
n—o00| ap X—>00 2 Iny x—=oco x + 1
dx
= 1
Therefore. the Ratio Test is inconclusive for Z nn This series can be shown to diverge using the Comparison Test with the
n
n=2

harmonic series since Inn < n forn > 2.

o0
21. Show that Z nk3n converges for all exponents k.
n=1

SOLUTION Witha, = nk3—n,

any1|  (n+ 1)k3—(n+1) 1 (1 N l)k
n - }‘Ik3_n - 3 '
and, for all k.
ST LS R SR
p—nlgléo a"‘_3]_ <1

)
Therefore, the series Z nk3n converges for all exponents & by the Ratio Test.

n=1

oo
22. Show that Z n2x™ converges if |x| < 1.

n=1
SOLUTION Witha, = n2x",
2
a n41 2 X n+1 1 ) a
ntl :( Z)H =({1+4+—-) |x|] and p= lim ”—H:1‘|x|:|x\.
an n?|x|" n n—eo| g
o0
Therefore, by the Ratio Test. the series E n%x" converges provided x| < 1.
n=1
oo
23. Show that Z: 2" x" converges if x| < 3.
n=1
SOLUTION Witha, = 2% x™,
a antl|yn+1 ) a
ntl| _ x| =2|x|] and p= lim antl =2|x|.
an 2 |x n=>oo| ap
o0
Therefore, p < 1 and the series Z 2" x™ converges by the Ratio Test provided |x| < %
n=1
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24. Show that E — converges for all r.
n

n=1 "
- T Tn
SOLUTION Withay = al
a rp Tl pl r : a
ntl) _ i = I and p= lim M—+l=0‘|1r'|=0<1.
an (n+D! Jrm n+1 n—oo | ap
o0 r"
Therefore, the series Z — converges by the Ratio Test for all r.
=
o0 rn
25. Show that Z — converges if |r| < 1.
n
n=1
SOLUTION Witha, = %
a rintl oy n ] a
ntll - i s = |r] and p= lim ntll— . Ir| = |r|.
an n+1 |r® n+1 n—0o | ap

o n
r
Therefore, by the Ratio Test, the series E — converges provided |r| < 1.
n

n=1
oo 2”
26. Is there any value of k such that Z —- converges?
nk
n=1
SOLUTION Witha, = %
n
ant1| on+1 nk_z( n )k
an (n+ Dk 27 n+1)°
and, for all k,
p= lim | =21k =251
n—oo | dpy
o0 2”’
Therefore, by the Ratio Test, there is no value for k such that the series Z — converges.
n
n=1
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o0 n

n! . 1

27. Show that E — converges. Hint: Use lim (1 + —) =e.
n=1 n’ n—eo n

i i n!
SOLUTION Withay = J5,

dnt1|  (n+ 1! A" n \" ]+l_”
an | 4+l nt T \n4+1) n ’
and
) n+1 1
p= lim =-<1
n—o0 | ay e

(e}
. n! .
Therefore, the series E —, converges by the Ratio Test.
n=1

In Exercises 2533, assume that |an+1 /an| converges fo p = % What can you say about the convergence of the given series?

o0
28. Z Rdpn
n=1

SOLUTION Letby, = nay. Then

. |b . n+1l]a 1
p = lim "t = lim ol =2 <
n—oo| by n—o0 n ap 3
00
Therefore, the series Z nay converges by the Ratio Test.
n=1
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29. Z n3a,,
n=1

SOLUTION Letbh, = n3ap. Then

b (n+1\?|a 11
p= lim nFt_ fim Gl _ 3.0 - <
n—oo| by n—oo n an 3 3
00
Therefore. the series Z n3an converges by the Ratio Test.
n=1
oo
30. » 2ap
n=1
SOLUTION Leth, = 2"a,. Then
b 2t g 1 2
p= lim "_H‘:lim il o - =Z <
n—»00 n n—o0 an 3 3
o0
Therefore, the series z 2Mq, converges by the Ratio Test.
n=1
o0
3L Y 3ap
n=1
SOLUTION Let b, = 3"a,. Then
] ] 3n+l a 1
p= lim L= lim L
n—oo| by n—soo 3N an 3
00
Therefore, the Ratio Test is inconclusive for the series Z 3a,.
n=1
o0
32. ) 4ay
n=1
SOLUTION Leth, = 4"a,. Then
. b . 4ntl g 1 4
p= lim "l = lim Il g o =251
n—oo | by n—oo 41 an 3 3
00
Therefore, the series Z 4"q,, diverges by the Ratio Test.
n=1
oo
2
3. ap
n=1
SOLUTION Lethy, = aZ. Then
b ‘ 12 1
p= lim ntll g [P o (2) =2 <1
n—o0 | by n—o0| ap 3 9
oo
Therefore, the series Z ai converges by the Ratio Test.
n=1

1

34. Assume that |ap41/an| converges to p = 4. Does Y 02, a, ! converge (assume that ap, # 0 for all n)?

SOLUTION Leth, = ay!. Then

. b, . 1 1
p = lim ntll — lim = =-<1.
n—>00 " n—00 |y 41 limps oo azil‘ 4
n
oo
Therefore, the series Z a;l converges by the Ratio Test.
n=1
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35. Is the Ratio Test conclusive for the p-series Z TU?
n
n=1

¢ Wi |
soLuTioN Witha, = ;5.

an+1
dn

ap41
dn

=17 =1.

SR S .y [
T+ 0?2 1 \n+1 and p= %

00
. . . . 1
Therefore, the Ratio Test is inconclusive for the p-series E v
n
n=1

In Exercises 36—41, use the Roort Test to determine comvergence or divergence (or state that the test is inconclusive).

=1
36. W
n=0
SOLUTION Withan = 1.

nf 1 1 . 1
Map = 0" = 10 and n1_1£1c1,0 Yan = 10 < 1.

00
. 1
Therefore, the series E To7 converges by the Root Test.

n=0

—

SOLUTION Witha, = -5
Man = "1,‘ RS = ! and lim %a, =0<1
n nnt n n—oco " ’

00
) 1
Therefore, the series E — converges by the Root Test.
ntt
n=1

38. (i)
o k+10
SOLUTION Withay = (m) s

k
k = K —k = —k d li k =1
o (k n 10) k+10 M0 L VTR

8

k k
Therefore, the Root Test is inconclusive for the series Z (k—}——IO) . Because
k=0

—k k/10710
. . 10 . 10 _10
lim ap = lim |14 — = lim 1+ — =e 0,
k—o0 k k—>oo( k ) k—o0 [( k ) i| ?
this series diverges by the Divergence Test.
o0 k
k
3. Y (—)
= 3k +1

k
soLuTIiON Witha, = (T’f“) s

k
kg ¥ ko =L d lim % =1
vk V(3k+1) kel M ohn V=3l
k

k
) converges by the Root Test.

o
Therefore. the series e
erefore, esenes];](yc_'_l
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00 "
40. 1 -

> (1+3)

n=1
SOLUTION Withay = (] + }g)_"._

R n™" ! o ,
Man = (l + ;) = (l + ;) and nl_l.llgo Yap =1""=1.

oo —n
.. . . 1
Therefore, the Root Test is inconclusive for the series E (1 + —) .
n=1 n
Because

1\ 13777 L
lim ap = lim (I + —) = lim [(1 + —) :| =e 1 #£0,
n—oo n—oo n n—oco n

this series diverges by the Divergence Test.
oo 1 7n2
41. 14+ -
()
n=4

a2
soLuTION Withay = (1+ )7,
] 1 —n?2 " . »
Yap = 1+ o =(1+ . and nl_]]}lcl’o YMap =e " < L.

oo —n2
1
Therefore, the series Z (l + 7) converges by the Root Test.
n

n=4
o0 Ap2 )
42. Prove that Z —- diverges. Hint: Use 2" = (2" and n! < n”".
n!
n=1

SOLUTION Because n! < a”,

m?  on?
Z S
n! = n?
2
L3
Now, leta, = Zn—,, Then
nf2n®
N, = = —,
" n® n
and
n 2% 2%
lim #¥ap, = lim — = lim — = lim =oo>1.
n—>00 " h—oo n xX—00 X x—o0 1
00 p2 00 Ap2
Therefore. the series Z — diverges by the Root Test. By the Comparison Test, we can then conclude that the series Z -
n n
n=1 n=1

also diverges.

In Exercises 43-56, determine convergence or divergence using any method covered in the text so far.

o0

2 44
B
n=1

SOLUTION Because the series

3"

o0 00 o\ T 0o 4 00 g1
Ya=x() = Xm-2()
n=1 n=1

are both convergent geometric series, it follows that

00 00 00

" 44" 2\" 4\
=26 20)
n=1 n=1

also COonverges.

17
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w iyt
_ﬂ
R

SOLUTION The presence of the factorial suggests applying the Ratio Test. With a, = T

w

a n+13 n! n+1)2 . a
ntl =( ) -—=( ) and p= lim "t _0<1.
an (n+1)! ns n3 n—co| ay
oo 3
. R .
Therefore. the series Z — converges by the Ratio Test.
=
ol 3
Z =
n3

SOLUTION The presence of the exponential term suggests applying the Ratio Test. With ap = Z7.

ant1| _ +1)> 5" 1 1y? - ant| 1 5
= —3 14+ — and = lim =>.1
an T+l n3 5 + n P n—>00| apn
3
Therefore. the series Z — converges by the Ratio Test.
n= 1

1
46. E —_—
3
= n(lnn)

SOLUTION The general term in this series suggests applying the Integral Test. Let f(x) = ~(nx

positive and decreasing for x > 2, so the Integral Test does apply. Now

4)3. This function is continuous,

1

f°° dx fR dx e [Rdw 1 1 1
P Jc(lnx)3 R—»oo x(lnx)3 ~ Rooo m2 w3 2 Revoo (InR)2 ~ (In2)2

The integral converges; hence, the series Z (l— also converges.
n

nn)3
03 s

SOLUTION This series is similar to a p-series; because

1 1 1
./ns_nz Va3 n32

for large n, we will apply the Limit Comparison Test comparing with the p-series with p = % Now,

1
3
. Vn3—_n2 . n
L= lim X2~ — lim — = = L.
n—00 _31/2 n—oo | p3 —p2
n

The p-series with p = 35 converges and L exists; therefore, the series E ———— also converges.
2 =
—5 vn3 —n?

00 2
n“ + 4n
w3
3n4+9
n=1
sOLUTION This series is similar to a p-series: because

n2+4”~ n? 1

0 s w2

for large n, we will apply the Limit Comparison Test comparing with the p-series with p = 2. Now,

n2+44n 4 3
. . 4 1
L= lim 3+ _ i ¥ +an” _ Z.
n—ro00 LZ n—>co 3n4 4+ 9 3
n

0 3
. . . . n® +4n

The p-series with p = 2 converges and L exists; therefore, the series E %19 also converges.

n

)=

2(In2)%"

19



o0
49, Z n 08
n=1

SOLUTION

8
=
I3
\Im
[~]8
:D
-

3
]
-
3
I
-

so that this is a divergent p-series.
=,
50. Y (0.8)"n 08
n=1

SOLUTION

- 08 _ v 1 0.8 1257

—n_ —U.8 __ —lyn _—0.8 __ s
208" 0= 08 ) 0 =3 208
n=1 n=1 n=

. H
With a, = L25% e have

n0.8
ang1|  125"F1 08 _125( n )0-8
an | (+108 125 T T \n41
so that
p= lim [ —12551
n—»00| ap

Thus the original series diverges. by the Ratio Test.

(o ¢]
s1. Z 4—21’i+l
n=1

SOLUTION Observe
o0 [s+] = 1 n
472n+1 — 4. —2yn _ .
> D4 =3 44
n=1 n=1 n=1

is a geometric series with r = %; therefore, this series converges.

2 !
5.
N
n=
SOLUTION This is an alternating series with @y = ﬁ Because a, forms a decreasing sequence which converges to zero, tl
o (1!
series Z T converges by the Leibniz Test.
n
n=1
53 S cin |
53. Z sin a2
n=1

SOLUTION Here, we will apply the Limit Comparison Test, comparing with the p-series with p = 2. Now,

C | .
. smos . sinu
L = lim = lim =1,
n—oo L u—0 u
n2

[ o]
whereu = n% The p-series with p = 2 converges and L exists: therefore. the series E sin — also converges.

n=1

ad 1
54. —1)" cos —
1o
n=1
SOLUTION Because

1
lim cos— =cos0=1#0,
n—oo n

oo
. . 1 L .
the general term in the series Z (—1)" cos — does not tend toward zero; therefore, the series diverges by the Divergence Test.
n

n=1

20



= (=2)"
55, HZ=:1 T

SOLUTION Because

] n . 2% . 2*In2 . x+1
lim —== lim —(= = lim ——— = lim 2 VxIn2 =000,
n—o00 \/n  x—00 Jfx  x—0 # X—00
X

=2)"
vn

oo}
the general term in the series Z does not tend toward zero; therefore. the series diverges by the Divergence Test.

n=1
oo n
n
56.
> (i)

SOLUTION Because the general term has the form of a function of n raised to the nth power, we might be tempted to use the Root
Test: however, the Root Test 1s inconclusive for this series. Instead, note

—12
12 —n 12 n/12
lim ap = lim (l + —) = lim |:(| + _) — 12 £0.
h—>00 n—oo n n—oo n

Therefore, the series diverges by the Divergence Test.

21



Further Insights and Challenges

00
57. [ﬁﬂ Proof of the Root Test Let§ = Z ap be a positive series, and assume that L = l_iin Ray exists.
n oo
n=0
(a) Show that § converges if L < 1. Hint: Choose R with L < R < 1 and show that @y < R" for n sufficiently large. Then
compare with the geometric series E R".
(b) Show that § diverges if L > 1.

SOLUTION Suppose nl—lyéo %/a, = L exists.

(a) IfL < 1,lete = % By the definition of a limit, there is a positive integer N such that
—< Yap—L <e¢

for m = N. From this. we conclude that
0< %apn <L +e¢

forn > N.Now. let R = L + €. Then
1-L L+1 I+1

R=L+ = < 1
2 2 2 ’
and
0< MYap <R or 0<ay <R"
o0 o0
forn = N. Because 0 < R < 1, the series Z R™ is a convergent geometric series, so the series Z ap converges by the
n=N n=N
oo
Comparison Test. Therefore, the series Zan also converges.
n=0

L-1
(b) IfL > 1, lete = — By the definition of a limit, there is a positive integer N such that

—€ < Yap—L <e

for n > N. From this. we conclude that

L—e< ¥Yay

forn > N.Now, let R = L — €. Then

22



and

R< *a, or R" <ay

00 00
forn > N. Because R > 1. the series Z R" is a divergent geometric series. so the series Z ap diverges by the Comparison
n=N n=N
oo
Test. Therefore, the series Zan also diverges.
n=0

58. Show that the Ratio Test does not apply. but verify convergence using the Comparison Test for the series

1 1 1 1 1
st tatats
SOLUTION The general term of the series is:
1
— nodd
2!!
an =
" 1
m n even
First use the Ratio Test. If n is even,
1 n n
dpnt1 _ gnft 3 _1. E
an Sln n+1 2 \2

whereas, if # is odd,
Gn+1 3n] T n _ 1 g r
an L 3+l 3 \3

An+1

dn

+

L]

. R AN 1 3\ . . ‘
Since lim - - (—) =0and lim — - (—) = oo, the sequence does not converge, and the Ratio Test is inconclusive.
n—>co03 3 n—o0?2 2

However, we have 0 < ap < o for all n, so the series converges by comparison with the convergent geometric series
oo
> 5
2?‘!
n=1

oo 7o

c"n! .
59. Let S = Z . . where ¢ is a constant.
n

n=1
(a) Prove that § converges absolutely if |¢| < e and diverges if |¢| > e.
. . n!
(b) Itis known I:hatﬂl_u_l&o nn+—l/2
(¢) Use the Limit Comparison Test to prove that § diverges for ¢ = e.

= +/2x. Verify this numerically.

SOLUTION

(1) Witha, = <2,

Gn+1 el +1)! a7 I n \" o1+ ™
= . = |c _— = |c -
an (n+ DL c|rn! n+1 n '
and
p= lim ntl lcle .
n— an
o= ¢l
Thus, by the Ratio Test, the series Z 5~ converges when lcle™ ! < 1. or when |¢| < e. The series diverges when |¢| > e.
n

n=1
(b) The table below lists the value of n"ej_—’:f,z for several increasing values of n. Since /2w = 2.506628275, the numerical
evidence verifies that

L
lim e = +/2m.

n—roo ph+1/2
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n 100 1000 10000 100000
n::’fiz 2.508717995 | 2.506837169 | 2.506649163 | 2.506630363

o0
(¢) With ¢ = e, the series § becomes Z

o0 o
Because the series Z +/n diverges by the Divergence Test and L > 0, we conclude that Z

ison Test.

n=1

n=1

en!

nh

L =

. Using the result from part (b),

e"n!
lim

nn
n—co /n

e’n!

im ——
n—»oo pn+1/2

= V2m.

en!
n

n=1 n

diverges by the Limit Compar-
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10.6 Power Series

Preliminary Questions

1. Suppose that Zanx" converges for x = 5. Must it also converge for x = 4? What about x = —3?

SOLUTION The power series Zanx" is centered at x = 0. Because the series converges for x = 5, the radius of convergence
must be at least 5 and the series converges absolutely at least for the interval |x| < 5. Both x = 4 and x = —3 are inside this
interval, so the series converges for x = 4 and for x = —3.

2. Suppose that Zan (x — 6)" converges for x = 10. At which of the points (a)—~(d) must it also converge?
(a) x =8 (b) x =11 () x=3 d x=0
sOLUTION The given power series is centered at x = 6. Because the series converges for x = 10, the radius of convergence
must be at least |10 — 6] = 4 and the series converges absolutely at least for the interval |x — 6] < 4, or 2 < x < 10.
(a) x = 8 is inside the interval 2 < x < 10, so the series converges for x = 8.
(b) x = 11 is not inside the interval 2 < x < 10. so the series may or may not converge for x = 11.
(c) x = 3 is inside the interval 2 < x < 10, so the series converges for x = 2.
(d) x = 0 is not inside the interval 2 < x < 10. so the series may or may not converge for x = 0.
3. What is the radius of convergence of F(3x) if F(x) is a power series with radius of convergence R = 12?
SOLUTION If the power series F'(x) has radius of convergence R = 12. then the power series F(3x) has radius of convergence
— 12 _
R=%=4
oo
4. The power series F(x) = Z nx™ has radius of convergence R = 1. What is the power series expansion of F/(x) and what
n=1
is its radius of convergence?
SOLUTION We obtain the power series expansion for F/(x) by differentiating the power series expansion for F(x) term-by-term.
Thus,

F'(x) = i nZx" 1,
=1

The radius of convergence for this series is R = 1, the same as the radius of convergence for the series expansion for F(x).

Exercises
o0 xn
1. Use the Ratio Test to determine the radius of convergence R of Z o Does it converge at the endpoints x = +R?
n=0
SOLUTION Witha, = ’2‘—;
a x n+1 on X ] a x
dntr| _ [ . =u and p= lim n+l =u.
an antl |xn 2 n—o0| ap 2

By the Ratio Test, the series converges when p = J%l < 1,01 |x| < 2, and diverges when p = J%l > 1. or |x| > 2. The radius of

convergence is therefore R = 2. For x = —2. the left endpoint. the series becomes Z:c’:o(*l)n= which is divergent. For x = 2.
the right endpoint, the series becomes Zg‘;o 1, which is also divergent. Thus the series diverges at both endpoints.
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