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University of Michigan Department of Mathematics Winter, 2010 Math 116 Exam 3 Problem 3 Solution

o

. This exam has 10 questions. Note that the problems are not of equal difficulty, so you may want to

skip over and return to a problem on which vou are stuck.

. Do not separate the pages of the exam. If any pages do become separated, write your name on them

and point them out to your instructor when you hand in the exam.

Please read the instructions for each individual exercise carefully. One of the skills being tested on
this exam is yvour ability to interpret questions, so instructors will not answer questions about exam
problems during the exam.

Show an appropriate amount of work (including appropriate explanation) for each exercise so that the
graders can see not only the answer but also how you obtained it. Include units in your answers where
appropriate.

You may use any caleulator except a TI-92 (or other calculator with a full alphanumeric keypad).
However, yvou must show work for any calculation which we have learned how to do in this course. You
are also allowed two sides of a 3" x 5" note card.

It vou use graphs or tables to obtain an answer, be certain to include an explanation and sketch of the

graph, and to write out the entries of the table that vou use.

. You must use the methods learned in this course to solve all problems.

Semester | Exam | Problem | Name | Points | Score
Winter 2010 3 3 12
Winter 2012 3 5 8

Fall 2012 3 5 9
Winter 2013 3 8 8

Fall 2013 3 7 8

Fall 2014 3 8 7
Winter 2015 3 2 1
Winter 2015 3 5 10

Fall 2015 3 7 6

Fall 2015 3 8 9
Total 81

Recommended time (based on points): 98 minutes



3. [12 points] For each of the following series, determine the interval of convergence and write it
on the space provided to the right of the series. Be sure to show all appropriate work to justify
your answer.

a. [6 points] 2  UT=2T l<a<3

i

Solution: By using the ratio test we see that
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S0 the center is at = = 2 and the radius is 1. We need to check the endpoints = = 1 and
x = 3. We see it converges when = = 3 by alternating series, and diverges at = = 1 hy
the p-test.

b. [6 points] Y 5%, 2 =0
Solution: By using the ratio test we get

. (n+ 1)13:“4'1-?110
lim = 0.
n—oo plz?(n 4 1)10

So it has radius of convergence (0 and converges only at the center which is = = 0.



5. [8 points] Consider

c=4n(n+1)

a. [2 points] Does the series converge for x = 27 Justify your answer.

Solution: Atz =2

- n mno__ - n Am __ - n
Zdﬂ(n.Jrl) a _;4"(:14—1}4 _;n——l—l

n=1

. : ) n
The series diverge since lim =1%#0.
n—oc T 1

b. [2 points] Based only on your answer from part a, what can you say about R, the
radius of convergence of the series? Circle your answer.

Solution: R =2 R=>?2 R<2 R>2

since it is possible for r = 2 to be one of the endpoints in the interval of con-
vergence.

c. [4 points] Find the interval of convergence of the series.

Solution:
n+1l m2n42
_ T (a2 T - (n+ 1) z?
lim =z lim ——— = —.
n— oo n Tzﬂ, n—oo 4‘?1-(?]- + 2) '-1
Mnt1) T

It % < 1, then the series converges. Hence Ratio test states that the series con-
verges if —2 < = < 2. We need to check the endpoints x = £2. We already checked
r=2. Forxr = -2,

i n - n P
;4“(1’14—1) o _;4"(?1—#1)4 _;n—l—l

diverges by part a. The interval of convergence of the series is —2 < z < 2.



5. [9 points] Consider the following power series:

= 1
Z (,12 4)n+l
na"
n=1
a. [4 points] Find the radius of convergence of the power series. Show all your work.
Solution:
1
. (nt1)5n+1 |-T - 4|n+2 1 mn 1
lim T - = |:r—~l| lim = —|z — 4.
n—00 = |I — 4|”’+ n—oc 71 + 5
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Zlr—4[ <1% |r—4] <5,
[
so R=5.

b. [5 points] For which values of = does the series converge absolutely? For which
values of r does it converge conditionally?

Solution: Converges absolutely inside radius: (—1,9).
Left endpoint: = = —1,

0 “ mn ’
n=1 n=1

converges conditionally (alternating harmonic series).
Right endpoint: = =9,

o o0
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diverges. So, converges conditionally for x = —1, absolutely for —1 < = < 9.



8. [8 points] Consider the power series

= 1
Z_; Qnﬁ[ _ r-':]n

In the following questions, you need to support your answers by stating and properly
justifying the use of the test(s) or facts you used to prove the convergence or divergence
of the series. Show all your work.

a. [2 points] Does the series converge or diverge at = = 37

(-1)"

oo

Solution: At xr = 3. the series is E T which converges by the alternating
n=1 n

series test, since 1/4/n is decreasing and converges to 0.

b. [2 points] What does your answer from part (a) imply about the radius of conver-
gence of the series?

Solution: Because it converges at r = 3, we know that the radius of convergence
R>2

c. [4 points] Find the interval of convergence of the power series.

Solution: Using the ratio test, we have

ntl

i ZEvTl 5l _ o=t
n—00 2”—];/7_1|$_5|ﬂ 2

so the radius of convergence is 2. Now we have to check the endpoints. We know

o0
: 1 : .
from part (a) that it converges at x = 3. For x = 7, we get E 7 which diverges.
n

n=1

Thus, the interval of convergence is 3 < = < 7.



7. [8 points] Consider the power series

In the following questions, support vour answers by stating and properly justifying any test(s),
facts and computations you use to prove convergence or divergence. Show all yvour work.

a. [4 points] Find the radius of convergence of the power series.

Solution:
ont! (z — 5)n+l
2 1
lim |27 — |z —5| lim —— —2|z—5 then - =2
n—oo _(1-_ _ 5}“ n—oo 71 4+ 1
in
or
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Radius of convergence=0.5

b. [4 points] Find the interval of convergence of the power series. Make sure to cite all the
tests you use to find your answer.

Solution: Testing the endpoints:

[an] QR
or =45 Y —(4.5-5)" =
n=1 3'?1

>0 (_1)11
Z converges by alternating series test.

1
3
= 2" 1o 1
or = 5.5 Z E(S'S -5 = 3 Z ~ diverges by p-series test p=1 < 1.
n=1

Interval of convergence: 4.5 << = < 5.5.



8. [7 points] Consider the power series Z ﬂ

n=1
a. [2 points] At which z-value is the interval of convergence of this power series centered?

Solution: 'This power series is centered on = = —2.

o0
. . . T+ 2)"
b. [5 points] The radius of convergence for the power series E ('E.TJ
n
n=1
interval of convergence for this power series. Thoroughly justify your answer.

is 3. Find the

Solution: Sinece the radius of convergence for this power series is 3 and it is centered on
x = 2, the interval of convergence contains the open interval (-2 — 3, -2+ 3) = (-5, 1).

Now we only need to chcck the endpoints = = —5 and = = 1.
(e u)

1+2)" 1
o Forz =1 Z ( ;’1 n} =) diverges by the p-test with p = 1
=1

(this is the halmonlc series).

o0 = n o0 _qym
o For =z = —5: ; ( ;:f) = nZ_:L ( i) which converges by the
alternating series test.

Therefore, the interval of convergence for this power series is [—5, 1).

2n)'$
(n!)?

9. [5 points] Find the radius of convergence for the power series Z

n=1

| Solution: Let the n-th term be denoted by a,,
(2(n+ 1))l2 ) ()2
((n+1)1)2 (2n )12

(2 +2)(2n + 1)a?
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Therefore, we can use the ratio test:

(2n + 2)(2n + 1)2?
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So this series converges for = with 4x% < 1, or rather with =% < % which implies that the
radius of convergence is 1/2.




2. [4 points]

oo
a. [2 points] You are given that the power series Z Chn(x + 3)" converges when r = —6 and
n=>0
diverges when = = 1. What are the largest and smallest possible values for the radius of

convergence R7

Solution:

|eo
[ A
=
|
Jd=

b. [2 points] Give the exact value of the infinite series

— (=1 rigntt 27 81 243
D T
n+13n+1
Solution: Z } = —3e~* using the Taylor series for ze® centered at = = 0.

n=0

3. [5 points] Determine whether the following integral converges or diverges. If the integral
converges, circle the word “converges”. If the integral diverges, cirele “diverges”. In either
case, you must show all your work and indicate any theorems you use.

CONVERGES DIVERGES

Solution: For 0 < x < 1, we have that cos(x) > cos(1). We also know that cos(1) / —dx

cos{r)

diverges. Therefore, [ dx diverges by the comparison test.

Jo a2



5. [10 points]

a. [5 points] Determine the radius of convergence of the power series

Z n5(16

n=1

)411

Solution: The above series will converge for = values such that

|m_5|-1ﬂ+‘1
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by the ratio test. We have
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1
and so the desired inequality holds if E|:r — 5|* < 1. This is equivalent to |z — 5| < 2.

Thus, the radius of convergence is 2.

The radius of convergence is 2.

b. [5 points] The power series E %
n
n=>0

interval of convergence for this power series.

has radius of convergence 1. Determine the

Solution: nt2
n+2 . = nt + 23
For = = 1, we get the series Z We have that lim "2rh — im — =" 1,
4+1 ?1—}130—15 n—hmn—l—l
n
n+ 2 .
The limit comparison test then tells us that the series Z ] converges if and only
n=>0 +
o oo
if the series Z —5 converges. Since Z —; is a p-series with p > 1 it converges, and so
n=1 n n=1 n
i n+2
CONVerges.
nt+1 g
n=0
oo
] —1)" 192 . .
For x = —1, we get the series Z % By the work shown above, this series
T
n=0
converges absolutely.
The interval of fz 22" i then 1<z <1
e interval of convergence for ———— is then — .
g nt+1 =t=

The interval of convergence is [—1, 1].



6. [4 points] For each of the following questions, circle the answer which correctly completes the
statement. You do not need to show your work.
Inxz

a. [2 points] The integral ' /1 mdr

converges diverges

Solution: Mz < x'/* for sufficiently large values of x, so

nz _ z'/4 1
32 = ;3/2 ~ p5/4

eventually. Since flx ma—ﬂr_ldr. converges by the p-test (p = % > 1), flx

verges by direct comparison.

Inx .
—a73 dr also con-

1
. . I
b. [2 points] The integral ' /D PRy dr

converges diverges

Solution:

T 1 1
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for all positive values of z. Since ful ﬁdr converges by the p-test (p = 5 < 1),

fu Pyl da also converges by direct comparison.

7. [6 points] The power series

o (_1)?1(1. _ 1)11
Z—

o™
n=1

has a radius of convergence of 5. For each of the endpoints of the interval of convergence, fill
in the first two blanks with the endpoint and the series at that endpoint (in sigma notation
or by writing out the first 4 terms), and then indicate whether the series converges at that
endpoint in the final blank. You do not need to show your work.

At the endpoint = = -4 , the series is nt %
and that series diverges

oo (1"
Attheendpointz = 6 | theseriesis 2nct " h
and that series converges

10



8. [9 points] Consider the function g(x) defined by the power series

= 91 (pl)2n
glx) = éiggﬂj)! :

a. [6 points] Find the radius of convergence of the power series. You do not need to find
the interval of convergence.

Solution: Applying the ratio test

27+ ((p41)1)2 "]
lim @t N = lim 2n +1)7)al
—00 (27?-%11!:];;1'“) o T—+00 (2?’1 + Q}{?ﬂ + 1)
2n)!
_ =
5

|

Therefore the series converges whenever 5 < 1, or |x| < 2. Hence the radius of conver-
gence is 2.

b. [3 points] Use the first 3 nonzero terms of the power series to estimate

I

Solution: Since g(x) =1+ %x - 22(42;”23:2 +--=14+z+ %1‘2 -

1 _ llera22 !
[ glx) ldJ:Rs/ +r+ 3T dr — / (1+E_r.}d3:: 4
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