Circumference and Arc Length

Essential Question How can you find the length of a circular arc?

EXPLORATION 1 Finding the Length of a Circular Arc

Work with a partner. Find the length of each red circular arec.

a. entire circle b. one-fourth of a circle
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c. one-third of a circle d. five-eighths of a circle
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EXPLORATION 2 Using Arc Length

Work with a partner. The rider is attempting to stop with
the front tire of the motorcycle in the painted rectangular
box for a skills test. The front tire makes exactly

one-half additional revolution before stopping.

The diameter of the tire is 25 inches. Is the
front tire still in contact with the
painted box? Explain.

Communicate Your Answer

3. How can you find the length of a circular arc?

4. A motorcycle tire has a diameter of 24 inches. Approximately how many inches
does the motorcycle travel when its front tire makes three-fourths of a revolution?



Core Vocabulary

circumference
arc length
radian

Previous
circle
diameter
radius

What You Will Learn

P Use the formula for circumference.
P Use arc lengths to find measures.
P Solve real-life problems.

P Measure angles in radians.

Using the Formula for Circumference

The circumference of a circle is the distance around the circle. Consider a regular
polygon inscribed in a circle. As the number of sides increases, the polygon
approximates the circle and the ratio of the perimeter of the polygon to the diameter
of the circle approaches 7 = 3.14159. . ..

For all circles, the ratio of the circumference C to the diameter d is the same. This
ratio is% = 77. Solving for C yields the formula for the circumference of a circle,

C = md. Because d = 2r, you can also write the formula as C = #(2r) = 2.

&) Core Concept

Circumference of a Circle

The circumference C of a circle is C = wd "

or C = 27r, where d is the diameter of the v

circle and r is the radius of the circle. ¢
C=wd=2ur

FENLAERE Using the Formula for Circumference

Find each indicated measure.
a. circumference of a circle with a radius of 9 centimeters

b. radius of a circle with a circumference of 26 meters

SOLUTION
a. C=2ar b. C=2ur
=29 26 = 277
= 187« 2%
'}_17 =r
= 56.55 2
P The circumference is about 4l4=r
36.33 centimeters. P The radius is about 4.14 meters.
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1. Find the circumference of a circle with a diameter of 5 inches.

2. Find the diameter of a circle with a circumference of 17 feet.



Using Arc Lengths to Find Measures

An arc length is a portion of the circumference of a circle. You can use the measure of
the arc (in degrees) to find its length (in linear units).

&) Core Concept

Arc Length
In a circle, the ratio of the length of a given arc to the A
circumference is equal to the ratio of the measure of the
arc to 360°. ‘
Arc length of AB _ mAB or B
27r 360°°
— _ mAB
Arc length of AB = 360° 2ar

YNGR N Using Arc Lengths to Find Measures

Find each indicated measure,

a. arc length of AB b. circumference of ©Z ¢. mRS
A X
@ < )4.19in.
B Y
SOLUTION
a. Arclength of AB = 9% . 2(8)
360°
= 8.38 cm
p, Arc length of XY _ mXY o, Arc length of RS _ mRS
’ C 360° ’ 2ar 360°
4.19 _ 40° 44 _mRS
C 360° 2m(15.28) 360°
419 1 L4
c 9 360" 2 m(15.28) ~ MRS
3771in. = C 165° = mRS

aa ‘ﬁs
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Find the indicated measure.
3. arc length of P-@ 4. circumference of ©N 5. radius of ©G

61.26 m

pl s LM 10.5 ft A



COMMON ERROR

Always pay attention to
units. In Example 3, you
need to convert units to
get a correct answer.

>

Solving Real-Life Problems

SONVIIRIEN Using Circumference to Find Distance Traveled

The dimensions of a car tire are shown. To the
nearest foot, how far does the tire travel when
it makes 15 revolutions?

SOLUTION

Step 1  Find the diameter of the tire.
d=15+2(5.5) = 26in.

Step 2 Find the circumference of the tire.
C=md=m+26=26mwin.
Step 3  Find the distance the tire travels in 15 revolutions. In one revolution, the tire

travels a distance equal to its circumference. In 15 revolutions, the tire travels
a distance equal to 15 times its circumference.

Distance  _ ~ Numberof Circumference
traveled revolutions

=15 « 267 =~ 1225.2 in.

Step 4  Use unit analysis. Change 1225.2 inches to feet.

B T
12252 « L8 — 102.1 £
o o

P The tire travels approximately 102 feet.

Using Arc Length to Find Distances

The curves at the ends of the track shown are 180° arcs
of circles. The radius of the arc for a runner on the

red path shown is 36.8 meters. About how far does
this runner travel to go once around the track? Round
to the nearest tenth of a meter.

SOLUTION F—84.39 m—

The path of the runner on the red path is made of two straight sections and two
semicircles. To find the total distance, find the sum of the lengths of each part.

2 « Length of each 1 2 « Length of

Distance = ; : i
straight section each semicircle

=2(84.39) + 2(£ + 277 - 36.8)
~ 400.0

P The runner on the red path travels about 400.0 meters.
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6. A car tire has a diameter of 28 inches. How many revolutions does the tire make
while traveling 500 feet?

7. In Example 4, the radius of the arc for a runner on the blue path is 44.02 meters,
as shown in the diagram. About how far does this runner travel to go once around
the track? Round to the nearest tenth of a meter.



Measuring Angles in Radians

Recall that in a circle, the ratio of the length of a given arc A
to the circumference is equal to the ratio of the measure of
the arc to 360°. To see why, consider the diagram.

A circle of radius 1 has circumference 277, so the arc ﬂ
>

length of CD is 3

60°
Recall that all circles are similar and corresponding lengths &
of similar figures are proportional. Because mAB = mCD,
AB and CD are corresponding arcs. So, you can write the following proportion.

Arc length of AB o

Arc length of CD' 1

Arc length of AB = r+Arc length of cD

Arc length of AB =r- HSTGCDE' - 27
This form of the equation shows that the arc length associated with a central angle
is proportional to the radius of the circle. The constant of proportionality, % * 2,

is defined to be the radian measure of the central angle associated with the arc.

In a circle of radius 1, the radian measure of a given central angle can be thought of
as the length of the arc associated with the angle. The radian measure of a complete
circle (360) is exactly 247 radians, because the circumference of a circle of radius 1
is exactly 2. You can use this fact to convert from degree measure to radian measure
and vice versa.

&) Core Concept

Converting between Degrees and Radians

Degrees to radians Radians to degrees
Multiply degree measure by Multiply radian measure by
27 radians or T radians 360° or 180°
3e0° 180° - 27 radians’ 7 radians’

SN [JRIW Converting between Degree and Radian Measure

a. Convert 45° to radians. b. Convert % radians to degrees.
SOLUTION
o arradians _ 7 _ .. v .. 180° _ o
457 80° 4 radian b. 5 radians radians 270
P So 45 = %radian. P So, 37” radians = 270°.

a 3 0
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8. Convert 15° to radians. 9. Convert 4?17 radians to degrees.
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In Exercises 19-22, convert the angle measure.
(See Example 5.)

19.

20.

21.

22.

23.

24,

Convert 70° to radians.

Convert 300° to radians.

Convert %T radians to degrees.
Convert %T radian to degrees.

PROBLEM SOLVING The London Eye is a Ferris
wheel in London, England, that travels at a speed of
0.26 meter per second. How many minutes does it
take the London Eye to complete one full revolution?

PROBLEM SOLVING You are planning to plant a
circular garden adjacent to one of the corners of a
building, as shown. You can use up to 38 feet of fence
to make a border around the garden. What radius

(in feet) can the garden have? Choose all that apply.
Explain your reasoning.

In Exercises 25 and 26, find the circumference of the
circle with the given equation. Write the circumference
in terms of m.

25,

26.

27.

28.

29.

30.

31.

32.

P¥+y=16
C+22+(y—32=9

USING STRUCTURE A semicircle has endpoints
(—2,5) and (2, 8). Find the arc length of the
semicircle.

REASONING EF is an arc on a circle with radius r.
Let x° be the measure of EF . Describe the effect on
the length of EF if you (a) double the radius of the
circle, and (b) double the measure of EF.

MAKING AN ARGUMENT Your friend claims that it is
possible for two arcs with the same measure to have
different arc lengths. Is your friend correct? Explain
your reasoning.

PROBLEM SOLVING Over 2000 years ago, the Greek
scholar Eratosthenes estimated Earth’s circumference
by assuming that the Sun’s rays were parallel. He
chose a day when the Sun shone straight down into

a well in the city of Syene. At noon, he measured the
angle the Sun’s rays made with a vertical stick in the
city of Alexandria. Eratosthenes assumed that the
distance from Syene to Alexandria was equal to about
575 miles. Explain how Eratosthenes was able to use
this information to estimate Earth’s circumference.
Then estimate Earth’s circumference.

&
center ¢ ~
of Earth

Not drawn to scale

ANALYZING RELATIONSHIPS In ®C, the ratio of the
length of PQ to the length of RS is 2 to 1. What is the
ratio of mZPCQ to mZRCS?

A 4101 (B) 2tol
© 1to4 (D 1to2

ANALYZING RELATIONSHIPS A 45° arc in ©C and a
30° arc in @P have the same length. What is the ratio
of the radius r; of ©C to the radius r, of ©P? Explain
your reasoning.



33. PROBLEM SOLVING How many revolutions does the 38. MODELING WITH MATHEMATICS What is the
smaller gear complete during a single revolution of measure (in radians) of the angle formed by the hands
the larger gear? of a clock at each time? Explain your reasoning.

a. 1:30 pm. b. 3:15pMm.

39. MATHEMATICAL CONNECTIONS The sum of the
circumferences of circles A, B, and C 1s 637 Find AC.

34. USING STRUCTURE Find the circumference of each ‘Y\

circle.

a. acircle circumscribed about a right triangle whose
legs are 12 inches and 16 inches long

b. a circle circumscribed about a square with a side
length of 6 centimeters

c. acircle inscribed in an equilateral triangle with a
side length of 9 inches 40. THOUGHT PROVOKING Is 77 a rational number?
i . Compare the rational number e to 77. Find a
35. REWRITING A FORMULA Write a formula in terms of 113
the measure # (theta) of the central angle (in radians)
that can be used to find the length of an arc of a circle.

different rational number that is even closer to 7.

Then use this formula to find the length of an arc of a 41. PROOF The circles in the diagram are concentric
circle with a radius of 4 inches and a central angle of and FG = GH. Prove that JK and NG have the
37‘:7 radians. same length.
M
36. HOW DO YOU SEE IT? L

Compare the circumference ‘Q
of OP to the length of DE. /Y .d'b
. . D E
Explain your reasoning. w K " H

J

42. REPEATED REASONING AB is divided into four
congruent segments, and semicircles with radius r
are drawn.

37. MAKING AN ARGUMENT In the diagram, the measure
of the red shaded angle is 30°. The arc length a is 2.
Your classmate claims that it is possible to find the

circumference of the blue circle without finding the m
radius of either circle. Is your classmate correct?
Explain your reasoning. AT B

a. What is the sum of the four arc lengths?

%ﬂ b. What would the sum of the arc lengths be if

AB was divided into 8 congruent segments?
16 congruent segments? n congruent segments?
Explain your reasoning.

Mainfaining Mafhsma‘ﬁcal Pro‘fiaigncy Reviewing what you leamed in previous grades and lessons

Find the area of the polygon with the given vertices. (Section [.4)
43. X(2,4).¥(8, —1).Z2, -1 44. L(=3,1), M4, 1), N4, =5), P(=3, =5)




