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The Limit Definition of Derivative

The derivative of a function f with respect to the variable x is the function f’ whose value at x is
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provided the limit exists.

Anywhere that the derivative exists, we say that the function|

adeh

is dffferennab,‘e.]




Alternate Definition of Derivative ... Facts 1

Thus, the derivative f” is a function that gives the slope of the function f at any point.

Other Notation used with derivatives (we will use most of these so remember them).
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Example 1: Use the definition of derivative to find [f'(x). = [imn 'P(’('H'D - (%)
a) f(x)=3x+2 =0 |2
' Flxa) = 3(x4h) + 2= x+3h+ 2
lin IX+Iht 9 —3x — 2 I 3 ?) 80 J m
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b) f(x)=x%+x?
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Modified Form of the Limit Definition of the Derivative

The numeric value of the derivative of a function f at the point (¢, f(c)) is given as

fle+h)—f(o)
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provided the limit exists.
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If you are asked to find the derivative at a point, you have two options: you can find the formula first then plug
in the point, or you can plug in the point in the beginning. However, if you need to find the derivative at multiple
points, | suggest finding the formula first to save yourself some time.

Example 2: If f(x) = 5x2 + 2x, find f'(2). l“-n \O)(_\n '\"6}12 +2n
Fl2th) = S(X+h) "+ 2(*+HD h0 T n
= s raxha?) + 2X*2h lmn  1OX+Sh + 2

h=>0
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Alternative Definition of Derivative

An alternative definition of the derivative of f at point c is

f'(c) = lim fi(x) i0) ,
x—=C xX—cC

provided the limit exists.

y What this alternative definition allows us to do is to
examine the behavior of a function as x approaches c

secant line from the left or the right. The limit exists (and thus
the derivative) as long as the left and right limits exist
and are equal.

(x. f(x)

f) -1
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Example 3: Use the alternative definition of the derivative to find the derivative of f(x) = L Q,+ X= L"‘

Vx
)= £ £ = A _
R T
. | | & . M —l
Im == "5 = |1
x—'surl .ﬁ'—l_ 3% X=Y 2% (Q_+J_,g)(,)(zq.5
X-Yy
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Example 4: If f (x) = x2 — 4x, answer the following. ¥ valwes

a) Find thg-average rate of change of f(x) over the interval [—1, 2].
FED= E0-UED=1+4=S FA-FED_-y-5 -9 ,E%]
fF(D= @ -4@®D=4-v~-4 2--1 a3

b) Find the instantaneous rate of change of f(x) at the point where x = 2.

£ = \\M +(x+»\3 £ & £6B)= Q-T’Z_ £ - £(2)
-2

FO 204 so.. $B=26-4=(0) &
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Relationships between the graphs of f and f'
Since a derivative at any point is equivalent to the slope of the function at that point, we can graph the

derivative given a function and estimate what the original function looks like when we are given the graph of the

derivative.

Example 5: Given the graph of f, sketch the graph of the derivative on the same set of axes.
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a9 )
[ If\‘c”nd,d"'\d\ C POtni‘ on the ava{*\\

Example 6: Given the graph of f' and|f(0) = 2, gketch the graph of the function f on the same set of axes.

Gmph(;jf'(x) MNUOLLS

FA=-1 iF x<|
So -{:(30-_—.-\7(‘*'%

unlentown
(=2 \f x A °
f(x) = 2%+ C

5 uwnlonown
Why is it necessary to kno\w f(0)y=2?
v

T needto whare' (so Y et 1 hz\?ﬁ*D
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Example 7: Suppose the graph below is the graph of the derivative of h.
What is the value of h'(0)? What does this tell us about h(x)?

)

\ Vat x=0,h(x) is
}'\ (Dj = L} '\ncvms‘}nﬁ of a Yate
of

... Facts 1

Graphof h '(,\)

;

b) Using the graph of h'(x), how can we determine when the graph of

h(x) is going up? How aboutgoingdom ! h(\}f)
Whan h'(x)\s posthve 1S nagatwR

il
|

. N
(obove +he y- axid) Coelow™x-axis)

c) The graph of h'(x) crosses the x-axis atx = 2 and x = —2.

Describe the behavior of the graph of h(x) at these points. YEd\D\
( !,\*Q'%Q dl

G Ihis is Lhare the Slopeis O SO The
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