Higher Derivatives Rule ... Set 2

Higher Order Derivatives
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1. Given that f(x) = 2x* — 3x® + 4x?, whatis f""'(x)?

2. Suppose f(x) = x7 — x® + x°. Whatis f ¥ (x)?
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Answers

1. Given that f(x) = 2x* — 3x® + 4x2, whatis f""(x)?
Since f(x) is a polynomial function, differentiate term by term using the power
rule: i (ax™) = (an)x™ L.
flo) =2 - 4x* 1 —(3-3)x* T+ (4-2)x*71
f'(x) =8x®—9x% + 8x
fr) =(8-3)3 1 —(9-2)x 1+ (8- 1)x'™?
f"(x) = 24x%? — 18x + 8
") =(24-2)x* 1t —(@18-Dxtt+0
f"(x) = 48x — 18
Answer: f'"(x) = 48x — 18

2. Suppose f(x) = x7 — x® + x5. What is f ¥ (x)?
Since f(x) is a polynomial function, differentiate using the power rule:
;—x(ax”} = (an)x™ L.
f(x) = 7x7"1 — 6x071 + 5x>71
f'(x) = 7x® — 6x° + 5x*
f"(x)=(7-6)x°1 —(6-5)x>"1 + (5-4)x*1
7 (x) = 42x° — 30x* + 20x°
F""(x) = (42-5)x° 1 — (30 -4)x* 1+ (20-3)x3?
" (x) = 210x* — 120x3 + 60x2
F®(x) = (210-4)x* 1 — (120-3)x3 1 + (60 2)x% L
F®(x) = 840x° — 360x% + 120x

Answer: ¥ (x) = 840x3 — 360x2 + 120x
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3. Suppose h(x) = 2x® — 3x% 4+ 4x*. What is k¥ (x)?

4. Find k"' (x) if k(x) = 8x73 — 24x72 + 12x 1.
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Answers

3. Suppose h(x) = 2x® — 3x° + 4x*. What is h*¥) (x)?

Since h(x) is a polynomial, differentiate using the power rule: ;—x (ax™) =

(an)x™ L.
h'(x) = 12x° — 15x* + 16x3
h" (x) = 60x* — 60x> + 48x?
h'" (x) = 240x3 — 180x2 + 96x

R (x) = 720x2 — 360x + 96

Answer: i (x) = 720x2 — 360x + 96

4. Find k" (x) if k(x) = 8x™3 — 24x72 4+ 12x~1. When differentiating negative

exponents, use the same rule as with positive exponents. Differentiate using the

d . . _-
power rule: E(ax”) = (an)x™ 1.

K(x)=8--3)x31-(24-—2)x 271+ (12 - —Dx 171
k'(x) = —24x7* 4+ 48x7° — 12x77
K'(x) = (=24 -—4)x* 1448 3)x 31 —(12--2)x 271

k' (x) = 96x° — 144x* + 24x 73

Answer: k" (x) = 96x™° — 144x™% 4+ 24x 73
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5. Given g(x) below. Find g""" (x).

3 5 2

90 =mm Ty
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Answers
5. Given g(x) below. Find g"""(x).
3 5 2
I =5 Aty

First, change the function so you can differentiate term by term using the power

d . N
rule: — (ax™) = (an)x™ 1.
dx

gx) = % — f—4+% =3x 2 —5x*+2x7!
g (x) = —6x73+20x7° — 2x7?
g"'(x) =18x"* —100x7° + 4x73
g"'(x) =—72x7° +600x~7 — 12x7*
Convert g'""(x) to the original form of the given function:

Answer:

iy = 72,600 12
g W =-——Zt—F "
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6. Given g(x) below, Find g""(x).
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6. Given g(x) below, Find g""(x).
1 2 1
Q(JC) _+ﬁ_;

First, change the function so you can differentiate term by term using the power

n—1

d . : . .
rule: — (ax™) = (an)x and the chain rule.

1 2
_..o-5,% 4 1
g(x)—gx +3x X

96 = (5) (-5 + (5) (-t -

Simplify:

5 8

g'(x) = —g* 6 x4 x7?
3
"y 5 —6—1 8\ —-5-1 Y..—2—1
9"() = (=) O+ (=2) (-5 + (-2
Simplify:
l(} 40
g'(x) = 74 ?.‘x—“ —2x73

Convert back to the original form of the function.

Answer:

10 40 2

g"'(x) = +ﬁ_x_3
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7. Find h"' (x) if

5 4
_|_
9 +4 3x+4+2

h(x) =

10



Higher Derivatives Rule ... Set 2
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7. Find h"' (x) if

5 4

h —
) =5 a3 12

First, change the function so you can differentiate term by term using the power
rule: ﬁ (ax™) = (an)x™ ! and the chain rule.
h(x) =50x+4) ' +40Bx+2)!
h'(x) =-50x+4) 1 1-Ox+4) —4Bx+2)"11-Bx+2)
h'(x) =-59x+4)2:-9—-4(3x+2)%-3

Simplify:
h'(x) = —45(9x +4) 2 —12(3x + 2) 2

h'"(x) = (—45)(=2)(9x +4)™271- (9x + 4)" — (12)(-2)(3x +2)"271 - (3x
+2)

h'(x) = (—45)(=2)(9x +4)3-9—(12)(-2)(3x+2)3-3
Simplify:
h'"(x) =810(9x +4)3 + 72(3x + 2) 3
Convert to the original form of h(x):

Answer:
810 72

Ox +4°  Grt2)7

h”(x) —

11
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8. Find f"(x) if

2 4
2x+3 2x—7

fG) =

12
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Answers

8. Find " (x) if

2 4
2x+3 2x—7

flo) =

First, change the function so you can differentiate term by term using the power

n—1

d : - .
rule: — (ax™) = (an)x™ ! and the chain rule.

2
2x+3 2x—7

ff)=2-D2x+3) 11 2x+3) —4-1D2x -7t 2x-7)

fG) = =2(2x+3) —4@2x—-7)"

fllx) = —22x+3)2-2+4Q2x—7)2-2

Simplify: f'(x) = —4(2x +3) 72 + 8(2x — 7) 2

100 = (—)(=2)@x +3) 21 2 +3) + (B)(-2)(2x = 7) 2+ (2x =7

) =(=H(=2)(2x +3)7 -2+ (8)(-2)(2x —7)* -2
Simplify: f''(x) = 16(2x + 3)™% —32(2x — 7)3
Convert to the form of the original function.

Answer:

16 32
2x+3)* (2x—7)3

f'x) =

)’

13
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5 3
9. Suppose h(x) = xz — xz. Whatis h"'(x)?

1 3
10. Suppose h(x) = 6x2 — 12xz. Whatis h''(x)?

14
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5 2
9. Suppose h(x) = xz — xz. What is h''(x)?

Terms with rational exponents are differentiated the same way as terms with

. : i : d ;
integer exponents. Differentiate term by term using the power rule: - (ax™) =

(an)x™ 1.

R =2et a1 225 3
' (x —zx ZX —Zx ZX
5\ /3\ 3. 3y /1y 1.
v = (3) (5)7 - (5) ()
15 1 3 _1
R'(x) = —x2 —=x2
1" (x) X2
Answer:
1
h"(x) =—x2 ——x 2

: 1 2
10. Suppose h(x) = 6xz — 12x2. What is h''(x)?

Terms with rational exponents are differentiated the same way as terms with

. : i . d ;
integer exponents. Differentiate term by term using the power rule: - (ax™) =

(an)x™ L.
- 03) -an(@)
B (x) = 3x72 — 182
h"(x) = (3) (—%) YTl (18) G) 7!
Simplify:

Answer:

3 3 1
h'(x) = X 2 —Ox 2

15
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11. Given that f(x) = VxZ + x, whatis f"'(x)?

16
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11. Given that f(x) = Vx2 + x, whatis f" (x)?
First, change the function so you can differentiate term by term using the power

rule: ;—x (ax™) = (an)x™ ! and the chain rule, which states if f (x) = u(v(x)),

then f'(x) = 'u.’('t;r(x)) v (x).
flo) = Yx2 +x = (x? —|—X)%

1 1
) =36 +05 G2+ )

f'(x) :%(xz —I—x)_% -(2x+ 1)

Since f'(x) is the product of two functions, differentiate using the product rule:
d
T (uv) = udv + vdu.

f"(x) = udv + vdu

1 2 _ 1 2
:§(x2 +x) 3-(2x+1) + [§(x2 + x) §]‘-(2x+ 1)

= %(xz P27 @)+ (%) (—%) (4273 (P +2) - (2x+1)

2 2 2 5
= §(x2 +x:}_§—6(x2 +x)3-2x+1)-(2x+1)
Simplify:
2 _2 2 >
(x) :§(X2 +x) 3 —5(235 +1)?(x2+x)73

Convert to radical form:

2 2(2x + 1)?

f”(f)() — 2 - ( x + )5
3(x24+x)3 9(x%2+x)3

2

F100) = 2 22x+ 1)

37 (x2 + x)? - 9y (x2 + x)°
Answer:

2 2(2x + 1)2
3VxZ2+x)2 9/(x2 +x)°

£ =

17
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12. Suppose h(x) =Vx2 — 1. Whatis h"'(x)?

18
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Answers

12. Suppose h(x) = Vx? — 1. Whatis h”'(x)?

First, change the function so you can differentiate term by term using the power

rule: ;—x (ax™) = (an)x™ ! and the chain rule, which states if h(x) = u(v(x))

then 1/ (x) = u'(v(x)) - v’ (x).
h(x) =x2—1=(x%- l)%
WG = (3) 6 - DE (e~ 1y

1 1
h(x) = E(;'c2 —1) 2-(2x)
Simplify:
1 _1 1
h'(x) = E(Zx)(xz — 1) Z2=x(x*-1)"2
Now use the product rule, d% (uv) = udv + vdu, and the chain rule to find the

second derivative:
h'(x) = x(x? — 1)_%
17’ 1
() = x- [(xz _ 1)‘5] G2 —1)7 1]
1 1
h"'(x) =x- [——(x — 1)zt (x2— ] +(x?-1)z-
1 _3 21
h'(x) = x - [—E(xz 1)z (Zx)] + (2 —1)z
Simplify:
h"(x) = —x2(x? — 1:}_% + (x% — 1:)_%
x? 1

h'(x) = — 5+ T
(x2—1)2 (x2—-1)2

Convert to radical form:
Answer:
x2 1

h.” . - _
G0 (x2 — 1)Vx2 — 1+\fx2—1

19
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13. Find g™ (x) if g(x) = (2x° + 1)(x3 + 1).

14, Find f"(x) if f(x) = (5x3 — x)(3x* + 7).

20
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Answers

13. Find g™ (x) if g(x) = (2x° + 1)(x® + 1).

Notice that g(x) is the product of two binomials. You could differentiate the
function using the product rule, which is possible, but tedious. Multiplying the
binomials and differentiating the result term by term is a more direct approach.

Then differentiate term by term using the power rule: é (ax™) = (an)x™ L.

g =X+ D+ =2x%+2x° + 23 + 1
g'(x) = 16x7 + 10x* + 3x2
g"(x) = 112x% + 40x® + 6x
g""(x) = 672x> +120x% + 6

g™ (x) = 3360x* + 240x

Answer: g™ (x) = 3360x* + 240x

14. Find f"(x) if f(x) = (5x% — x?)(3x* = 7).

Notice that f(x) is the product of two binomials. You could differentiate the
function using the product rule, which is possible, but tedious. Multiplying the
binomials and differentiating the result term by term is a more direct approach.

Then differentiate term by term using the power rule: é (ax™) = (an)x™ 1.
fx) = (5x3 — x?)(3x* — 7) = 15x7 — 3x® — 35x3 + 7x?
f'(x) = 105x¢ — 18x° — 105x2 + 14x

F7(x) = 630x5 —90x* — 210x + 14

Answer: "' (x) = 630x> —90x* — 210x + 14

21
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15. Suppose h(x) = (5x*)(cos x). Find h''(x).

22
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Answers

15. Suppose h(x) = (5x*)(cos x). Find h"'(x).
The given function h(x) contains the product of two functions. Differentiate using
the product rule, ;—f (uv) = udv + vdu.
h'(x) = (5x*) - (cosx)" + (5x*)" - (cos x)
h'(x) = (5x*) - —sinx + (20x3?) - (cos x)
h'(x) = —5x*sinx + 20x3cos x

Now, h'(x) is two products of two different functions. Differentiate again, using

the product rule.
h"(x) = —5x* - (sinx)’ + (—5x*)" - sinx + 20x3(cosx)" + (20x3)’ - cos x
h"(x) = —5x* - cosx — 20x2 - sinx + 20x3 - —sinx + 60x? - cos x
h"(x) = —5x*cosx — 20x3sinx — 20x3sinx + 60x? cos x
Simplify:

Answer: h"(x) = (60x? — 5x*)cosx — 40x3sinx

23
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16. Find g"'(x) if g(x) = (tan x)(6x?).

24
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Answers

16. Find g"'(x) if g(x) = (tan x)(6x2).
The given function g(x) contains the product of two functions. Differentiate such
a function using the product rule: ;—f (uv) = udv + vdu.
g’ (x) = (tanx) - (6x?)" + (tanx)' - (6x?)
g'(x) = (tanx) - (12x) + (sec?x) - (6x?)
g'(x) = 12x(tanx) + 6x2%(sec?x)

Now, g’(x) is two products of two different functions. Differentiate again, using

the product rule.

g"'(x) = 12x - (tanx)’ + (12x)" - (tanx) + 6x2 - (sec?x)’ + (6x2)" - (sec?x)
g"' (x) = 12xsec?x + 12tanx + 6x2 - 2secxsecxtanx + 12xsec?x
Simplify:

g"'(x) = 24xsec?x + 12tanx + 12x%sec?xtanx

Answer: g" (x) = 24xsec?x + 12tanx + 12x%sec?xtanx

25
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17. Given that k(x) = (3x%)(cos (3x)). Whatis k" (x)?

26
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Answers

17. Given that k(x) = (3x%)(cos (3x)). What is k"' (x)?

Note that k(x) is the product of two functions, so differentiate using the product

rule: i (uv) = udv + vdu and the chain rule.
k'(x) = 3x? - (cos (3x))" + (3x2)" - (cos (3x))
k'(x) = 3x? - —sin (3x)(3) + 6x(cos (3x))
Simplify:
k'(x) = —9x2sin (3x) + 6xcos (3x)
Now, k’(x) is the sum of two products. Differentiate using the product rule.

k") = —9x2 - [sin(3x)]’ + (—9x2)" - sin (3x) + 6x[cos(3x)]’ + (6x)’
- cos (3x)

k"(x) = —9x2 - cos(3x)(3) — 18x - sin (3x) + 6x - —sin(3x)(3) + 6 - cos (3x)
Simplify:
k" (x) = —27x? cos(3x) — 18x sin(3x) — 18x sin(3x) + 6cos (3x)

k" (x) = (—27x?% + 6) cos(3x) — (18x + 18x) sin(3x)

Answer: k'"(x) = (—27x% + 6) cos(3x) — 36x sin(3x)

27
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18. Find k"'(x) given that

28



Higher Derivatives Rule ... Set 2
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18. Find k"' (x) given that

k(x) =

7x+ 6

Also use the quotient rule which states if k(x) = % then,

90 @)~ f) - g'()
[9COP

(7x+6)-(2x+5)"—(2x+5) - (7x + 6)’
(7x + 6)?

k' (x)

k'(x) =

(7x+6)-2— (2x+5)+7 14x+12— 14x —35

k() = (7x + 6)2 (7x + 6)2

—23

N

To find k"'(x), change k'(x) so you can differentiate using the power rule and the
chain rule.

k'(x) = —23(7x + 6)72
k" (x) = (—23)(=2)(7x + 6)"271- (7x + 6)’
k' (x) =46(7x+6)72-7
e . 322
k'"(x) =322(7x +6)° = Grtor
Answer:

322

K1) = G ep

29
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19. Find g"'(x) given that

9 (2) sinx

30



Higher Derivatives Rule ... Set 2

Answers
19. Find g"'(x) given that
. 3x2
Q(X,) = m

Use the quotient rule which states if g(x) = % then,

_ kG- f1(x) — f(x) - k'(x)

()
g [kGOP?
) sinx - [3x?]" — (3x2) - (sinx)’
g'(x) = ——
(sinx)
) = sinx - (6x) — 3x2 - cosx
g = sin?x
Simplify:
) 6xsinx — 3x%cosx
g'(x) =

sin?x
Differentiate using the product rule and the quotient rule.

sinx - [6xsinx — 3x2%cosx]” — (6xsinx — 3x2%cosx) - [sin?x]’
(sinZx)?2

gn(x) _

— [6xsinx — 3x2cosx]

dx

= 6x - [sinx]" + (6x)"sinx — 3x2 - [cosx]’ — (3x2)" - cosx

— [6xsinx — 3x?cosx] = 6x - cosx + 6sinx — 3x? - —sinx — 6x - cosx

dx

T [6xsinx — 3x%cosx] = 6xcosx + 6sinx + 3x?sinx — 6xcosx
X

— [6xsinx — 3x2cosx] = 6sinx + 3xZsinx

dx

31
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sinx - (6sinx + 3x2sinx) — (6xsinx — 3x2cosx) - 2sinxcosx

rr '
g"(x) = _
(sin?x)2
- 2 . - 2 . o - . . 2 -
.~ sin“x(6sinx + 3x“sinx) — 2(6xsinx — 3x“cosx)sinxcosx
g"(x) = 2.2
(sin?x)
.« 6sin®x + 3x2sindx — 12xsin?xcosx + 6x%cos?xsinx
g (x) = - 02.02
(sinZx)
" () 6sin®x + 3xZsin?x — 12xsinxcosx + 6x%cos?x
x) = -
9 sin3x
Answer:
") 6sin?x + 3x2sin?x — 12xsinxcosx + 6x2%cos?x
g \xX) =

sin3x

32
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20. Find h''(x) given that

33
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20. Find h''(x) given that

5x — 3

h) =19

@ then,
g(x)

9@ @ = f@) g )
B [g(x)]?

(4x—9)-(5x —3)' — (5x —3) - (4x —9)’
(4x — 9)2

Use the quotient rule which states if h(x) =

h'(x)

h'(x) =

(4x—9)-5—(5x—3)-4

h'(x) = Gx 9y

 5(4x—9) —4(5x —3) 20x — 45— 20x + 12

h(x) (4x —9)2 (4x —9)2

—33

DT

To find h''(x) change h'(x) so you can differentiate using the power rule and the
chain rule.

m = —33(4X — 9_)_2

h'(x) =
h"(x) = (—=33)(—2)(4x —9) 271 (4x — 9)'
h'"(x) = 66(4x —9)3-4
Simplify:
h”(x) = 264(4x — 9)73

Convert h"'(x) into the form of the original function.

Answer:
264

h"(x) = (ax—0y
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21. Find k"'(x) given that

35
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21. Find k''(x) given that
8x3
I —
(x) S5x+ 2

You have the option to the quotient rule or, to avoid the quotient rule, you can
rewrite the function as a product and use the product rule: i (uv) = udv + vdu.
We will use the product rule.

3

k(x) = 531 - = (82%)(5x +2)™

K'(x)=08x®) -[cx+2) 1 +@Bx®-Gx+2)!

K'(x) = (8x%) - (1) (5x + 2) 7 74(5) + 24x? - (5x +2)*

Simplify:
k'(x) = —40x3(5x + 2) 7% + 24x?(5x + 2) !
Find the derivatives of the two products separately.

First find — [(—40x®) (5x + 2) 2]
j—x [(—40x3)(5x + 2)72] = (—40x3) - [(5x + 2) 2] + (—40x3)" - (5x + 2) 72

% [(—40x3)(5x + 2) 2]
= (—40x3) - (—2)(5x + 2)7271(5) — 120x2(5x + 2)2

Simplify:

d
Ix [(—40x3)(5x + 2)72] = 400x3(5x + 2) 3 — 120x2(5x + 2) 2

Next find i [(24x2)(5x + 2) 1]

36
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;—)'C [(24x2)(5x+2) 1] = (24x®) - [(Gx + 2)71] + (24x*)"- (B5x +2) 1
d—)'c [(24x2)(5x +2)71] = (24x2)(—1)(5x + 2)"171(5) + (48x)(5x + 2) 1
Simplify:
= [(24x?)(5x +2)71] = —120x?(5x + 2) 2 + 48x(5x +2)7!
Put the two derivatives together:

k' (x) = 400x3(5x +2) 73 — 120x2(5x + 2) 72 — 120x2(5x +2) 2 +
48x(5x +2)1

Simplify.
k" (x) = 400x3(5x +2)"3 — 240x?(5x + 2)72 + 48x(5x + 2)7 !
Convert to the original form of the function:

Answer:
400x° 240x2 N 48x
(5x+2)3 (5x+2)%2 5x+2

k”’ (.X) —

37



