AP Calculus AB ... 1988 MC

90 Minutes—No Calculator

Notes: (1) In this examination. In x denotes the natural logarithm of x (that is. logarithm to the base e).

(2) Unless otherwise specified, the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

S v
If y=x%" . then = =

L.
dx
(A) 2xe* B)  x(x+2¢") (C) xe*(x+2)
(D) 2x+eé" (E) 2x+e
. o : . Vil —4
2. What is the domain of the function f given by f(x)= il —?
r—23
(A) {x:x=3) B) {x:|x|=2} ©) {x:]x]z2}
(D) {x S |x[z2 and x = 3} (E) {x:x22and x=3}
3. A particle with velocity at any time ¢ given by v(#) = ¢’ moves in a straight line. How far does the
particle move from =0 to =27
2 - €3
(A) e -1 B) e-1 (©) 2e D) & (E) —
2
4. The graph of y =—— is concave downward for all values of x such that
(A) x<0 B) x<2 (©) x<5 (D) x>0 (E) x>2
5. J sec” x dx =
(A) tanx+C (B) csc’x+C (C) cos’x+C
sec® x

+C (E) 2sec’ xtanx +C

®)

-
2
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Y_ x? ‘i(ex) +e' ‘i(.\*z) =x%e" +2xe" = xe* (x+2)

dx dx dx

¥ —4>0 and x=3 > |x|=2 and x=3

2
, 2 2 - .
D1sta110e:J0 ‘1'(r)‘dr:J‘0 edi=e'| =e’—e’ =e’ -1
/ 0

Students should know what the graph looks like without a calculator and choose option E.

Or y==5(x=2)":3" =5(x=2)" 13" =-10(x-2)". 3" <0 for x>2.

J sec” xdx = J d(tanx)=tanx+C
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If 1'=E. then ﬂ:
’ X dx
1 1 Inx-1 1-lnx I+Inx
@ - ®) — © — D — ® —
X x x x x
xdx
3x% 45
1 : 1 : 1 :
—|3 2 E 7 —13 2 E Y \ ] 2 E v
(A) 9(3.\» +5)2+C (B) 4(3.\» +5)2+C () 12(” +5)2+C
L 1 ; 1
(D) 5(3x3+5)2 +C (E) %(3.\»%5)2 +C
y
i
D —t X

The graph of y = f(x) is shown in the figure above. On which of the following intervals are

2

dy dy

— =0 and =< 0°?
X d\»
I. a<x<b
II. b<x<c
OI. c<x<d

(A) Tonly (B) II only (C) III only (D) Tand II (E) IT and III
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d d (1) e
.Y'E(hl.\‘)—]ll.\“g(.\”):-‘ [ \*] Inx-(1)

dv 1-Inx
d\’_ .\*2 .Y3 - .\’2
1 1 1 1
I e | Y, L 2 5 . 1.2 _3
J'x(.n- +5) deZEJ'(gx +5) 2(6x(i\*):g'2(gx +5)2+C==(3x"+5)2+C
hl

2
dy . : d°y _ . ..
d; > 0=y is increasing: —-<0= graph is concave down . Thisis onlyon b <x<c.
X (i\»
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dy

9. If x+2xy—y* =2. then at the point (1.1). d_ is
X
(A) % (B) % © 0 (D) —% (E) nonexistent
k 2

10. 1f [ (2kr—x")dx=18. then k=

(A) -9 (B) -3 () 3 (D) 9 (E) 18
11. An equation of the line tangent to the graph of f(x) =x(1—2x)> at the point (1.-1) is

(A) y=-Tx+6 (B) y=-6x+5 (C) y=-2x+1

(D) yp=2x-3 (E) y=7x-8

. L7
12. If f(x)=sinx, then f {: =
Ny
1 1 V2 V3

A) —— B) — C) — D) — E 3

@ - ®) 2 © = @ = E) V3
13. If the function f has a continuous derivative on [0. c]. then J; f(x)dx=

@A) flO-f0)  ®) |f©)-f0) © flo O fM+e B -1

T
- cosH

14. 2 —db =

J 0 J1+sin6

A) -2(v2-1) (B) -2 (©) 242

D) 2(v2-1) E) 2(v2+1)
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r r r ]- 2 !
1+(2x-y"+2y) =2y y'=0: y' = *2)
' 2y—-2x

not exist at (L.1).

\k
18:[&\‘2—%.\‘3I _2

3 ,03

F =k =27, so k=3

. This cannot be evaluated at (1.1) and so y" does

F'(x)=x-3(1-2x)>(=2) + (1-2x)*: f'(1)=—7. Only option A has a slope of —7.

(T ‘my 1
Zl=cos| = ==
f{3J I3 2

By the Fundamental Theorem of Calculus J ; f(x)dx = f(x)

e
jg( 1+sin 8]_1'32 (cosBdB)=2(1+ 51118_)1’(2‘

FLN

2-2(2-1

0

c

0

=f(©)-f(0)
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15. If f(x)=+/2x.then f'(2)=
1 1 V2
@ ®) = © = D) 1 ®) 2
16. A particle moves along the x-axis so that at any time ¢ > 0 its position is given by
x(f)=1> —3t> —9¢+1. For what values of 7 is the particle at rest?
(A) No values (B) 1only (C) 3only (D) 5only (E) land3
17. [ (3v-2) dv=
7 7 |
A) -2 B) —— @ - (D) 1 (E) 3
3 9 9
s x Y d_,
18. If _1~:2cosl z ] then : =
\2) dx*
(x ) () [ x) (x ) 1 (x)
(A) —SCOSI\EJ B) -2 LOS{E/ (@ —sm{;/ (D) _COSI\EJ (E) —ELOS{EJ
3 X
19. _ dx =
J‘Z x?+1
A ]h3 B ]h"’ C) In2 D) 2In2 E ]hﬁ
()515 ()EL- (©) In (D) 2In2 ()El-
20. Let f be a polynomial function with degree greater than 2. If a=b and f(a)= f(b)=1. which

of the following must be true for at least one value of x between @ and b?

L  f(x)=0
I f(x)=0
I f'(x)=0

(A) None (B) Tonly (C) IIonly (D) IandII only (E) I IL and III
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17.

18.

19.
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PO =B N2 £ ) = @) T

>
r | =

At rest when 0=v(f) =x'(f) = 3> —6r -9 =3(r* -2t - 3] =3(t=3)(t+1)

t=—1.3 and t=z0=>¢r=3

1 2 1r1 a 2 a _1 1 3 B 1. . _
J'O(n—z] dv—gjo{gx—ﬂ (3dv)=5(3x-2) 0_5(_1—{—8_)]_1
1':2-[—5111 i] lI:—sin{I Y == cos[—] Ill]:——cos{—l

2) 2) 2 \2)) )

3 3 3 .

J’ L _Lp32xde 1, (xz+1] :l{h110—h15]=lh12

2x"+1 2725741 2 2 2 2

Consider the cases:
I. falseif f(x)=1
. This is true by the Mean Value Theorem

III. false if the graph of f is a parabola with vertex at x = GTJFZ? .

Only II must be true.
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21. The area of the region enclosed by the graphs of y =x and y=x? —3x+3 is
2 4 14
(A) 3 B)1 © 3 (D) 2 (E) 3
1)
22, Iflnx—In —l=2. then x =
LX)
1 1 ,, )
&) — ®) — ©) e D) 2e E) e
e 2
23. If f'(x)=cosx and g'(x)=1 for all x, and if f(0)=g(0)=0. then lim S ) is
x—0 g(.Y
(A) % B) 1 (©) 0 (D) -1 (E) nonexistent
d [ nx
24 -
24. n’x(x )—
a) ™ ®) (hx)" (0 %( nx)(x") @) (x)(x™)  (®) 2(lnx)(x™)
. x 1 ,
25. Forall x>1, if f(x)zj'l ~dt. then f'(x)=
4
A) 1 B) ! (C) Inx-1 (D) Inx (E) &
X
xr
26. J Zxcosxdx =
0

(A) —g ®) -1 © 1-= D) 1 E) -1
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2 - - -
y=x" —3x+3atx=1andatx=3.

Area = jlg(.r—[:.vz—3.v+3]]d\‘ :Lg(:—x2+4x—3)(i\*: —%.\'3+2x2—3.\‘\ 3 %

)5

2=hlr—hll=]_11.\‘-4—]_11.\‘:)]_11.\‘:1:).\*:e
X

By L Hopital’s rule (which is no longer part of the AB Course Description),
i £ _ iy ) S©) _cos0 _1_
=0 g(x) x—o0g'(x) g'(0) 1 1

Alternatively, f'(x)=cosx and f(0)=0= f(x)=sinx.Also g'(x)=1 and
f(x) sinx

2(0)=0= g(x) =x. Hence lim = lim
=0 g(x) x20 x

1.

Let y= x8% and take the In of each side. In y=In <% = Inx-Inx . Take the derivative of

: . v’ 1 , 1
each side with respecttox. — =2lnx-— = y'=2Inx-—- B
v X X

Use the Fundamental Theorem of Calculus. f'(x) = !
X

Use the technique of antiderivatives by parts: Let u =x and dv =cosx dx.

L T

e
= (. . CEae y7 7
.[02 xcosx(iv:(xsnlx—_[snlxd\*) 2 :(xsmx+cosx]§ :E_l
\ o )

10
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At x =3, the function given by f(x)=1"

(A) undefined.
B)
©
D)
E)

continuous but not differentiable.
differentiable but not continuous.
neither continuous nor differentiable.
both continuous and differentiable.

J‘4‘.\'—3‘dx:
1

@ - (B) ©) D)

1| W
[SS I [ANe]

SRR

(E) 5

. tan3(x+/h)—tan3x
The lim - is
h—0 h

(A) 0 (B) 3sec’(3x)

3cot(3x) nonexistent

(E)

|75
o

A region in the first quadrant is enclosed by the graphs of y =e

2

* x=1. and the coordinate axes.

If the region is rotated about the y-axis . the volume of the solid that is generated is represented by

which of the following integrals?

1 e
(A) 2nj . xe™* dx
(B) 2nJ'; &> dx
(©) nj; e+ dy
(D) HJ; vinydy
s e 2 .
(E) ZJ'O In’ y db

11
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The function is continuous atx =3 since lim f(x) = lim f(x)=9= f(3). Also, the
x—=3" x—37

derivative as you approach x =3 from the left is 6 and the derivative as you approach x =3

from the right is also 6. These two facts imply that f is differentiable at x = 3. The function
is clearly continuous and differentiable at all other values of x.

The graph is a V with vertex at x =3. The y (1.2)
integral gives the sum of the areas of the two ~ } \
triangles that the V forms with the horizontal
axis for x from 1 to 4. These triangles have @1
areas of 2 and 0.5 respectively. 4
2
0.5
" -
1 3 4

1is limit gives the derivative of the function f(x) =tan(3x). f'(x)=3sec”(3x
This limit gives the d f the fu f ?

Shells (which is no longer part of the AB Course
Description)

D 2mrhAx, where r=x,h= >

1 e
Volume = 27 J . ye?Xdx

12



AP Calculus AB ... 1988 MC

31. If fi(x)= % then the inverse function. /™. is given by /™ (x) =
X+
x-1 x+1 x X
A — B — © _ D) —— (E) x
x X I—x x+1

32. Which of the following does NOT have a period of 7 ?

(A)  f(x)=sin %x (B) f(x)=|sinx]| (C) f(x)=sin’x

(D) f(x)=tanx (E) f(x)=tan’«x
33. The absolute maximum value of f(x)= x> =3x2 +12 on the closed interval [—2. 4] occurs at x =

(A) 4 B) 2 © 1 D o (E) -2

Y
\\\\\\ y =flx)
o Y
y =g(x)

34. The area of the shaded region in the figure above is represented by which of the following

integrals?

@ [(re)| | ge)|)dx
®) [ 7| g)dx
© [ (g()-f(x))ar
®) [I(f()-g())dx

® [ (g0 @)dv+ [ ()~ g(x) e

13



V5]
—

|75
2

V5]
%]

[F¥]
=y

A

A

AP Calculus AB ... 1988 MC
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Let vy = f(x) and solve for x.

X
V= 1
+1

x

+y=x:x(y-D=—yix=

2)

The period for sin{ S

“

AY
18

i

2n

1
2

4.

= W=

1—.1'ﬁ

Check the critical points and the endpoints.

x

1-x

7'(x) =3x% —6x =3x(x—2) so the critical points are 0 and 2.

X

-2

0

2

4

f(x)

-8

12

8

28

Absolute maximum is at x = 4.

The interval is x = @ to x = ¢. The height of a rectangular slice is the top curve, f(x). minus
the bottom curve, g(x). The area of the rectangular slice is therefore ( f(x)— g(x))Ax . Set
up a Riemann sum and take the limit as Ax goes to 0 to get a definite integral.

14
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35. 4cos x+¥ I:
3 )
(A) 24/3 cosx—2sinx (B) 2cosx— 24[3sinx (C) 2cosx+ 24/3sinx
(D) 24/3 cos x+ 2sin x (E) 4cosx+2
36. What is the average value of y for the part of the curve y =3x—x> which is in the first quadrant?
3 9 9
A) -6 ®) -2 © 3 )i ® =
37. If f(x)=¢"sinx, then the number of zeros of f on the closed interval [0. 211] is
A 0 B) 1 © 2 D) 3 (E) 4
38. For x>0, j xd”]d
1 u
I 8 2 , T o\ s
A) —+c B) —F-—=+C (C) In(lnx)+C
x Xt ox
In ('Yz] (In \']2
D —+C E —+C
(D) 5 (E) 5
39. I [ f(x)de=4 and [ f(x)dc=7. then [ f(x)dx=
39. . x)d AL : G
(A) -3 B) 0 (©) 3 (D) 10 (E) 11

15
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4cos —sin x-sin

) o . )
x+; l = 4[ COS x - COS

T
>y
2

w | =

1. 3
:4[cosx-——su1x-
bl bl

- -

=2cosx—2+/3sinx

2

3x—x"=x(3-x)>0 for 0<x<3

3

Igzls\li
o 2

—x" ——x

2
Average value = —J 3x—x° ] dx =
hl i

|
b
Y

Since e >0 for all x, the zeros of f(x) are the zeros of sinx,so x =0,7,27.

J{ xdu In, j Inxdy= j In vl —l This is judu with u =In x. so the value is

I u
(In x']“
2

[ 3‘0 Fe)dy=—] 130 feds: | 13 fyde= 110 £ 310 f(x)dx=4—(=T)=11

16
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X
: . . d= dx _dy :
40. The sides of the rectangle above increase in such a way that i 1 and i ad—‘ . At the instant
t t t
when x=4 and vy =3. what is the value of % ?
t
1 o -
@ < ®) 1 © 2 @) 5 E) 5
2
41. If lim f(x)=7. which of the following must be true?
x—3
I.  f is confinuous at x=3.
II. £ isdifferentiable at x=3.
I f(3)=7
(A) None (B) IIonly (C) 1II only
(D) TIandII only (E) III andIII
42.  The graph of which of the following equations has y =1 as an asymptote?
X ¥’ :
(A) y=lhx B) y=sinx (C) y=—- (D) y=—— (E) y=e"
x+1 x-1
43. The volume of the solid obtained by revolving the region enclosed by the ellipse x? +9y% =9

about the x-axis is

(A) 2¢ B) 4r (C) 6m (D) 9n (E)

17
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Answers
2 2 2 . . . . dx
x~ + vy~ =z, take the derivative of both sides with respect to 7. 2x ? +2y- d_ =
t t
Divide by 2 and substitute: 4 i +3- Ldx =51= dx =1
dt 3dt dt

.

Ld=
dt

The statement makes no claim as to the behavior of f at x = 3. only the value of f for input

arbitrarily close to x = 3. None of the statements are true.

v
- . . \‘ . ].
lim = lim —— = lim =1.
x—woyx+1 x—o X 1 X—»0 1
—+— l+—
X X X

None of the other functions have a limitof 1 as x — =

. . . . 1 [ >
The cross-sections are disks with radius » = y where y=—v9-x" .

2
y
[}
1
el 3y
k Ax
Volume = nJ‘i _1"2 d\':2njs é(9—r3]n’. =— 9r—§x3 :I Z:éht

18
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44, Let f and g be odd functions. If p, r, and s are nonzero functions defined as follows, which must
be odd?
L p)=r(gk)
I r(x)=f(x)+g(x)
. s(x)= f(x)g(x)
(A) Ionly (B) II only (C) TIandII only
(D) I and 0T only (E) LI and III
45. The volume of a cylindrical tin can with a top and a bottom is to be 167 cubic inches. If a

minimum amount of tin is to be used to construct the can, what must be the height, in inches, of the
can?

@A) 232 ®) 242 © 234 (D) 4 (E) 8

19
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ForI: p(—x)=f(g(-x))=f(-g(x))=-f(g(x))=-p(x)= pis odd.
=—r(x) = risodd.

ForILl: r(—x) = f(—x)+ g(—x) =—f(x) —g(x) =—( f(x) + g(x)) =
For III: s(—x) = f(-x)-g(—x)=(—f(x))(—g(x)) = f(x)- g(x) = s(x) = s is not odd.

Volume =r2h=161=h=16r"2. A=2nrh+21r" = 2n('16 g ]

ﬁ = 2n(—16r—2 +2r'] — 42 (—8+r3 ] d—A <0 for0<r<2 and d—A =0 forr=2
dr J i3 dr

The minimum surface area of the canis when r=2=>h=4.

20



