Limits for Practice

1. Which of the following is indeterminate at x = 1?

x2+1 Yo x2—1 x2 41
X1 ' x+2' Jx+3-2" x+3-2

2_, . : — ; - ; ;
SOLUTION Atx = 1, —X=L_ is of the form 0; hence, this function is indeterminate. None of the remaining functions is
Jx+3-2 0 g

. . 2 2 ; . ; o
indeterminate at x = 1: "7—_-'%1 and «/%T-;l_z are undefined because the denominator is zero but the numerator is not, while %;_—2!-

is equal to 0.

2. Give counterexamples to show that these statements are false:

(a) If f(c) is indeterminate, then the right- and left-hand limits as x — ¢ are not equal.
(b) If XII_E'L f(x) exists, then f(c) is not indeterminate.

(¢) If f(x) is undefined at x = ¢, then f(x) has an indeterminate form at x = c.

SOLUTION
(a) Let f(x) = ’fT—ll Atx = 1, f is indeterminate of the form —g— but
2 2 _
fim 2— = lim (x+1)=2= bm (x+1)= lim =
x=1- x—1 x—1— x> 14 x—>14+ x =1

(b) Again, let f(x) = x2=1 Then

x—1

=]
lim f(x) = lim =
x=>1 x—1

= lim(x+1)=2
L= x=>1

but f(1) is indeterminate of the form %.

(¢) Let f(x) = 3"- Then f is undefined at x = 0 but does not have an indeterminate form at x = 0,

3. The method for evaluating limits discussed in this section is sometimes called “simplify and plug in.” Explain how it actually
relies on the property of continuity.

SOLUTION If f is continuous at x = ¢, then, by definition, limy—. f(x) = f(c); in other words, the limit of a continuous
function at x = ¢ is the value of the function at x = c. The “simplify and plug-in” strategy is based on simplifying a function
which is indeterminate to a continuous function. Once the simplification has been made, the limit of the remaining continuous
function is obtained by evaluation.
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Exercises

In Exercises 1—4, show that the limit leads fo an indeterminate form. Then carry out the iwo-step procedure: Transform the function
algebraically and evaluate using continuity.

%
x2—36
1. lim >

x—=6 X—0

. : B ; ; ; .
SOLUTION When we substitute x = 6 into xx_35, we obtain the indeterminate form % Upon factoring the numerator and
simplifying, we find

2 __ag — .
lim x 36 — lim (x —6)(x + 6) _
x—+6 X—0 x=6 x—6

lim (x + 6) = 12.
x—=6

9— )2
2. i
ﬁEla h-13

5 A k2
SOLUTION When we substitute h = 3 into 2=

F—
simplifying, we find

, we obtain the indeterminate form g Upon factoring the denominator and

. -
1{m9 h — lim (3 Ir](3+h)=

lim — = —6.
k=3 h—3 h—3 h—3 hl-];n?. 3 +4) 6

. x242x+1
3 lim ———
x=—1 x+1
SOLUTION When we substitute x = —1 into %ﬁ we obtain the indeterminate form g. Upon factoring the numerator and
simplifying, we find

2 2
x4+ 2x+1 . (x+1) .
im — = —— = lim (x+1)=0.
xErrEl x+1 x—=—1 x+1 :c—l-—l{ )
2r—18
4 s

SOLUTION When we substitute { = 9 into %f:iﬁ, we obtain the indeterminate form §. Upon dividing out the common factor of

I — 9 from both the numerator and denominator, we find
2018 209

2
= = lim——==lim-==.
(5551 —45 1595(0—9) 195 5
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In Exercises 5-34, evaluate the limit, if it exists. If not, determine whether the one-sided limits exist (finite or infinite).

x—17
i
S D
SORTHRE Gt e il T oy e d
x=>7x2—49 x=>7(x—=7(x+7) Tx1x+7 147
2
P .
x—>8 X —
. x2—64 0
SOLUTION lim =—=0
x—>8 x—9 -1
x2 +3x+2
7. L R e
X—>=2 x+2
22 A
3 Ix+2 ¢+ 1 y)
SOLUTION  lim e lim (A—+——)('\—+——) = lim (x+1)=-1I.
x—=>=2 x+2 x——2 x+2 x—>—2
X
8. lim J’_ﬂ
x—>8 x—28
3 _64 s g 8
SOLEHION it g MO DIEE o e v e SO S TOR
x—>8 x—8 x—8 x—8 x—8
2x2 —-09x —5
9, lim ——— —
xLIPS x2-25
O 2x2-9x -5 B (x=5x+1) . 2x+1 1
im —— = lm —M———— = = —,
x—>5 x2-125 x=>5 (x—=5)(x+5) x=5x+5 10
14+m3—1
10. lim (_+_)_
h—0 h
SOLUTION
o (A+h)3-1 o L43h 4302 4P —1 . 3h+3h%+h3
lim ——————— = Ilm = 11m
h—0 h h—0 h h—0 h
= lim (3 + 3h + h2) = 3 + 3(0) + 0% = 3.
h—0
2x + 1
11. lim ———————
x—>—} 2x2 4 3x +1
; 2x +1 4 2x + 1 ;
SOLUTION lim D T T im ——— = lim =2
P 2x2 4+ 3x 41 x>} x4+ +1) x—+-3 X+ 1
2
X -
12. i
xin_'i .\'2 -9

SOLUTION As x — 3, the numerator x2 — x — 6 while the denominator x2 — 9 —» (; thus, this limit does not exist. Checking

the one-sided limits, we find
T e )
x—3-x2—9  x=3-(x—3)(x+3)

while

x2—x : x(x—1)

1- —_—_— m -
XS X2 0 xai+ (x —3)(x +3)
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32 —4x—4
13. lim — 7%
x—=2 2x2—-8§
SOLUTION i 3xT—dx—4  (Bx+2x-2) . 3x+2 8 {
5 B m = lim = lim —— = —= 1.
x—2 2x2—8 x222(x—=2)(x+2) =x—22(x+2) 8
+ R —
14, Iim 80" —27
h—0 h
SOLUTION
. (B+m3-27 . 2742Th+ 9B +h3—-27 . 2Th+ 9K+ K3
lim ———— = lim = lim ——
h—+0 h h—0 h h—0 h
= lim (27 + 9 + h?) = 27 + 9(0) + 0 = 27.
h—0
L 4%
15. :llrpn 4t —1

41 it @D +1)

SOLUTION lim = lim@# +1)=2.
! t—0

to0 41 —1 1100 41— 1
h+2)2 -9
h—s4 h—4
_ (h+22—% . h*—Sh+4 _ (h—=1(h—4)
1 =1 =1 — —1 =3,
SoLUTION i T = i T Sl Ty o =3
17, tim X4
x—+16 x — 16
. X —4 . Jx—4 . 1 1
SOLUTION xliﬁ.s x—16 _x'_lﬁls (Vx+4) (vVx—4) _xl—1>H116 Ji+4 8§
r—=2 12 =312
SOLUTION lim ﬂ: lim _Ml_: i ;:l
==212—312 -2 -3(1-2)(1+2) =»—2-30—-2) 6
2 -
19, tim 2 Tr-12
y=3 y3 — 10y +3
yYry—12 s =3y +4 g +4d 7

SOLUTION lim = lim = lim = .
y=>3p3—10y +3 323 (=32 +3y-1) =3 (p243y-1) 17

1 1

o
iy A2 4

20.
h—0 h
SOLUTION
_1__1 4=(h+2)? 4—(h?+4h+4) —h%—4h
2 ¥ 2 2
lim G224 422 4G L 4G2)
h—+0 h h—+0 h h—0 h h—=0 h
hgty Rl = ]
= lim %27 _ iy -t T
h—0  h h—04(h+2)2 16 4
21, lim Y2+h=2
h—0 h
Nh+2-2
SOLUTION lim Ll does not exist.
h—0 h
VE+2-2 (Vh+2-2)(WVh+2+2) h=2
e As h — 04, we have = — g
h hMvh+2+2) Mvh+242)
Ji+2-2 (VE+2-2)(vVh+2+2) h—2
* As — 00—, we have = = = 0o
h hvh+2+2) hvh+2+42)
22. lim vx—4-2

x—8 x—8
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g8 Tt s
x—=8 x-—8
SOLUTION
_ Wa—d-2 . (Vx—d-)(x—4d+2) x—4—4
lim = lim = lim
x—»8 x—8 x=8  (x—8)(vx—4+2) x—+8(x—8)(\/x—4+2)
1 1
_xh—>8«/_+2 Jiv2 &
o
B e f_m
SOLUTION
lim x—4 — 1im (x —4) (/X + v/8—x) — lim (x—4(/X+V8—x)
324 Jx—8—x x4 (/x—/8—X)(/x+8—x) x4 x—(8—x)
=X+ AB—x) (x —4)(Vx + +/8—X)
= lim = lim
x—4 2x — 8 T x4 2(x —4)
- lim (J_+JTA) «/Z+«/Z=2
x—4 2 &
. AfS5=x-=1
S
SOLUTION
lim VS—v—l_l.m VS—x—l'«/S—x+l lim 4—x
xod 2 Jx = 2—J/x  JSS=x+1 x—>4(2 IOWS=x+1)

- R—-VX)2+ /%) o 24+ VX _
x4 (2= X)WN5—x+1) x=4/5-x+1

1 4
25, li —
xl—Td(,\/)?—Z x—4)

. 1 4 JX+2—4 lim JX-2 1
SOLUTION Jin4(73“x_4) S WEi-2)(Jx+2) L WVE-2)(Jx+2) 4

1 1
26. li e ———
X0+ (\/I /x2 +x)
SOLUTION
" (1 1 ) - WEFL=1 s (Vx+T1-1)(VxF1+1)
m |———| =
x=>04+ \ VX x2x x—>0+ ﬁ\/)( +1 T x>0+ VST (Vx+1+1)

= lim = = lim L3 =
S a0+ JISX AT (VL +1) x0T (VX1 +1)

. cotx
27. lim
x=»0 CSC X

. cotx . COsX
SOLUTION lim = lim
x—0CSCX x—0 sinx

«sinx = cos0 = 1.

38 i 2
0—>§ cscf
cotd . cosf . b4
SOLUTION lim —— = lim —— -sind = cos — = 0.
—>Z cscl g% sinf 2
2t 1
—20
o

1—2 20 —4
221 42! — 20 : Q' +3502 -4

i = = lim(2* +5) = 9.
ROLITION rh—rf'z 20— 4 P} 2 — 4 rli"z( 4

1 2
0. li e
2 xl—rfll(l—x l—xz)
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y 1 2
30- J}E)nl(l—-x B 1—x2)

( 1 2 ) ; (1+x)—-2 s 1

I—x 1—x2

SOLUTION lim =1 = lim = .
x=>1 (1=-x)1+x) x=114x 2

x—=1

sinx —cosx

31. lim
x> tanx — 1
A ) S 5
SOLUTION iy BMX—cosx cosx _ . (sm,\: €05 X) COS X =cos£=£.
x—Z ftanx—1 CosX  x—Z SN X — COS X 4 2
32. lim (secd — tan0)
0—»12'—
SOLUTION
. 1l—=sind 1+sinf 1 —sin® 3 6 0
lim (secd —tanf) = lim e +an = lim —%= lim L=—=0.
0% 6% cos@ 1+sin@ 9% cos6 (1 +sinf) 4-Z 1 +sinf 2
2
33. lim ( ] - )
6% \tanf—1 tan?d—1
SOLUTION lim ( L 2 = lim (Ganf+1) —~2 = lim =
) 9—-F\tanf—1 tan20—1) ¢-F (an6+1)(tanb—1) ¢—>ZFtanf+1 2
2 -
4. lim 2cos“x +3cosx — 2
x—% 2cosx — 1
SOLUTION
2052 =] 2 -1 2 5
lim D wex = 1 (oet — 1) (o )= lim cosx+2=cos£+2= —.
x—>Z 2cosx — 1 x—>Z 2cosx—1 x—% 3 2
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e —4

35. [GU| Useaplot of f(x) = ., S to estimate lim f(x) to two decimal places. Compare with the answer obtained
B vseasplotof £ = ————— lim £(x) p p

algebraically in Exercise 23.

= X—4 : H A 2 :
SOLUTION Let f(x) = g e From the plot of f(x) shown below, we estimate JT“ f(x) & 2.00; to two decimal places,
this matches the value of 2 obtained in Exercise 23.

36 38 40 42 44
1 4 ; g A ? :

— —— to estimate lim f(x) numerically. Compare with the answer obtained alge-
ﬁ -2 x-—4 x—4"

36. Use a plot of f(x) =

braically in Exercise 25.

SOLUTION Let f(x) = —4— — 4. From the plot of f(x) shown below, we estimate lim (x) &~ 0.25; to two decimal
Vx=2 x—4 x—4

places, this matches the value of % obtained in Exercise 25.

»

0.256
0.254
0.252

025
0248
0.246
0244

0.242

+ x
36 38 4 42 44
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In Exercises 3742, evaluate using the identity

ad — b3 = (o — (a2 + ah + b

3
x*—8
37. lim =
x—2 x—=12
3I_8 x—2) (x4 2x + 4
SOLUTION lim = — tim &= ) tim (x2+2x+4) =12
x=+2 x—2 x—2 x—2 x—2
-3
x® =27
38, I
8 J::h—lPJ x2 -9
X3 -2 =P+ +9) . (P+3x49 27 9
SOLUTION lim = lim = lim —mm = — = —
x—=3 x2—9  x=+3 (x—3)(x+3) x—3 x+3 6 2
2
-5 4
39. lim ¥ —x+4
x—1 x3=1
2_5x+44 - —4 —4
SOLUTION lim 1-L= i % —LiE ) = lim - = —1.
a1 x3—1 x=>1 (x—1) (x2 +x +1) x—=1x2 4 x +1
3
40. lim Z_li_s_
x—+—2 x* 4 6x + 8
3 +8 2 —2x+4 2_2x+4) 12
SOLUTION lim —>— > _ — i =+ 4 o =TS 12 e
x+—2x2 +6x+8 x==2 (x+2(x+4) x—>=2 x+4 2
it fim 5!
* xgnl 13—1
SOLUTION
-1 e -DEE ) (=D D) o E+DEE+1) 4

li = = -
sl =1 =DE2+x+1)  x=1 (x—DEZ4+x+1) =1 (x2+x+1)
x—27

x =27 . (x1f3_3)(x2f|3+3111’3+9)

SOLUTION lim ————— = lim
x—27 x1/3 -3 x527 x1/3 23

= lim (23 +3x3 +9) =27
x=—27

4
s
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4

43. Evaluate ‘li_x'no -—l'*-h—h_l.Hint: Setx = ¥/1 + h and rewrite as a limit as x — 1.
SOLUTION Letx = YT+ h. Thenh =x* —1= (x — 1)(x + 1)(x? + 1), x - 1 as h — O and
g T L et W DN .Y
h—0 h x=1 (x = Dx+DE2+1)  x=1 (x+1D)E2+1) 4
44. Evaluate ’}i_r:\O %E—: Hint: Set x = /1 + h and rewrite as a limit as x — 1.

SOLUTION Letx = ST+ hThen YT+ h—1=x2=1=(@x-Dax+1),/TF+h=-1=23=1=x-DE2+x+1),
x—lash— Oand

3/1+h—1_1. E-DE+D) L x+]

2
hoo T h—1 T gl G—DE2+x+1) x>1x2+x+1 3

In Exercises 45-54, evaluate in terms of the constant a.
45, lim (2a + x)
x—+0
SOLUTION lim (2a + x) = 2a.
x—=0
46. lim (4ah + 7a)
h=—>—2
SOLUTION lim (4ah + 7a) = —a.
h—>-2
47. lim (41 — 2at + 3a)
1—>—1

SOLUTION lim (41 — 2at + 3a) = —4 + 5a.
1—-—1
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3a + )2 — 9a?
48. Bim (_"tu
h—0 h

. (3a 4 h)? — 942 . 6ah + h?
SOLUTION lim = lim

= lim (6a + h) = 6a.
h—=0

h—0 h h—=0 h
) 2 _n.2
49. lim 2a+h)” —2a”
h=0 h
2(a + h)? = 242 4ha + 2h*
SOLUTION lim (a+ h) S lim ——= 3 = lim (4a + 2h) = 4a.
h—0 h h—0 h h—0
2 _dx2
50, lim & T9°—4x*
x—ra X—a
SOLUTION
L (xHa)?—4x? (% 4 2ax 4 a?) — 4x2 . =3x2 4+ 2ax + a?
lim = lim = lir
xX—ra X=a X—=a x—a x=ra xX—a
— 3
= lim fa=a)e +3zj = lim (—(a + 3x)) = —4a.
X—a xX—a x—ra
st lim XX Y2
X—+a xX—a
= - 1
SOLUTION lim VX ﬁ: lim VX /2 = lim = L.
x=a x—a  xa(Sa-a)(x+Ja) x=ayx+a o 24a
52, yim N8H B~
h—0 h
SOLUTION
. Jaxh-a . (Va+2h-/a)(Va+ 2k + /a)
Iim = lim
h—+0 h h—+0 h [.fg + 20 + @
g 2h . Z 1
= llm—'-'—-= ]1m-——=—.
h—0 h (+/a + 21 + Ja) h—=oa+2h+.a Ja
3_ .3
53, fjm & +9)°—a”
x—0 X
3_ 3 34 3,2 2, .3_ .3
SOLUTION lim Gta)y—a” fig Ed I et dow b ~ar (x? + 3xa + 3a%) = 3a>.
x—0 X x—=0 X x—0
1 1
54. lim L@
h=a h—a
L 1 a—h
TS BE = —h 1 =1 |
SOLUTION lim 2—94 — fim @4 — |j;p; 222 = lim — = ——
h—+a h—a h—ah—a h—a ah h—a h—a ah at

10
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Further Insights and Challenges

In Exercises 55-38, find all values of ¢ such that the limit exists.

2

. X*—5x-—6

55. lim ———
x—=¢  x=—c¢
. —-5x -6 . . . " " . .
SOLUTION gg}nc ——— will exist provided that x — ¢ is a factor of the numerator. (Otherwise there will be an infinite
2=

discontinuity at x = ¢.) Since x® — 5x — 6 = (x + 1)(x — 6), this occurs for¢ = —1 and ¢ = 6.

2

3

56. lim ¥tax+e
x—+1 x—1
2 .

. dx e ;

SOLUTION 11ml x__—;—] exists as long as (x — 1) isa factor of x2 4+ 3x + . If x2 + 3x 4+ ¢ = (x — 1)(x + g), then
X= e

g—1=3and —g = c. Hence g = 4 and ¢ = —4.

! 1 c
Sk xh—'ﬂ(x—l _x3—])

SOLUTION Simplifying, we find

1 c 2rx+l—c
x=1 x3-1 (x=-DE2+x+1)

In order for the limit to exist as x — 1, the numerator must evaluate to 0 at ¥ = 1. Thus, we must have 3 — ¢ = 0, which implies
c=13

11
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Trigonometric Limits

Preliminary Questions

1. Assume that —x* < f(x) < x2. What is limnl f(x)? Is there enough information to evaluate lim1 f(x)7 Explain.
x— x—1

SOLUTION Since limy—sg —x* = limy—yg x2 = 0, the squeeze theorem guarantees that limy—, ¢ f(x) = 0. Since limx_)_% —xt =
_'il'e.’ # % = lim,_, } x2, we do not have enough information to determine lim _, 1 T
2. State the Squeeze Theorem carefully.

SOLUTION Assume that for x # ¢ (in some open interval containing c),
Hx) < fx) = u(x)

and that lim /(x) = lim w(x) = L. Then lim f(x) exists and
X=l xX—rC X=C
Jim f(x) = L.

sin5h . . . B Bt .
3. If you want to evaluate i}im TR it is a good idea to rewrite the limit in terms of the variable (choose one):
=0
5h

(a) 6 =5h (b) 8 =3h ©6="7

SOLUTION To match the given limit to the pattern of

. sinf
lim —,
g0 0

it is best to substitute for the argument of the sine function; thus, rewrite the limit in terms of (a): & = 5h.

12



