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x—1
2x+1

Example 1:  Find the domain for the function f(x)=

Solution:

In this function you have a fraction so you must make sure the denominator is not
zero (division by zero).

2x+1=0
2x=-1

xE—=

2

The domain of f(x) is all real numbers except for —1/2.

] .
Dﬂx}=%-‘f|-‘f¢—5}

When asked to find the x- and y-intercepts you will be substituting zero for either x or y. First.
lets look at finding the y-intercept since it normally requires less work. The y-intercept is found
by substituting the variable x with zero and then simplifving the expression.

£(x)= —3x

x+1
_4—3(0)

f(0)= oil

The y-intercept for this function would be at (0, 4)

Finding the x-intercept would be done by now letting v of f(x) be equal to zero and then solve
the expression for x. This will often require vou to use techniques such as factoring or synthetic
division. Lets use the same function as above.
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This time we will let f{x) =0

Now in order for this fraction to be equal to zero. the numerator (4 — 3x)

must be equal to zero. So you can now set just the numerator equal to
zero and solve for x.

4-3x=0
—3x=—4

,_1_

X=—

3

p

The x-intercept for this function would be at

i.o‘].
3

I
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Example 2: Find the x- and y-intercepts of the function f(x)= -9

x+1

Solution:

Find the y-intercept by letting x = 0.

v —9
f{x)_ x+1
_(0)"-9
J(0)= 0+1
_9
1
-9

The y-intercept is (0, -9).

Find the x-intercept(s) by letting f{x) = 0.

-9

X)=
f() x+1
OZ\'E—Q
x+1

Now let the numerator equal zero.

x'-9=0

=9
V7=

x=[3|
x=13

The x-intercepts are (-3. 0) and (3. 0).
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The last concept to review is finding the asymptotes of a function. A rational function can have
vertical. horizontal. or oblique asymptotes. An important thing to remember is that the function
cannot have both a horizontal and an oblique asymptote. The rational function will have a
horizontal asymptote. an oblique asymptote. or neither.

Lets begin with vertical asymptotes. Vertical asymptotes for rational functions occur whenever
the denominator is equal to zero. So to find the vertical asymptote you will set just the
denominator equal to zero and then solve for x.

3x+2
x—4

Example 3:  Find the vertical asymptote of the function f(x)=

Solution:
Set the denominator equal to zero and solve for x.
x—4=0
x=4

The vertical asymptote is x =4.
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Horizontal asymptotes of a rational function can be determined by either using limits as x
approaches positive and negative infinity or by comparing the highest degree powers of the
numerator and denominator. The degree powers of the rational function can be used to find the
horizontal asymptote by following these rules:

. - ax”
Let the rational function be represented by f(x)=

m

bx
If n < m. then the horizontal asymptote will be equal to the x-axis.

v=10

-

If n = m. then the horizontal asymptote will be equal to the ratio of the
coefficients.

If n > m. then there is no horizontal asymptote and you must check for
an oblique asymptote.
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Example 4: Find the horizontal asymptote of the function f(x)= TR
X+ 2x

Solution:

Locate the terms with the highest degree power in both the numerator and
denominator.

B 63 —x
¥t 4227

f(x)

Compare the degree powers and apply the rules for horizontal asymptotes.

The degree power of the numerator (n) = 3
The degree power of the denominator (m) =4

n < m. therefore the horizontal asymptote is at v = 0.

The last asymptote we will discuss is the oblique asymptote. These asymptotes occur for rational
functions whenever the degree power of the numerator is one degree larger than the degree
power of the denominator. We will use long division to find the equation of the oblique
asymptote.
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Example 5: :
x+1

Find the oblique asymptote of the rational function f(x)=

Solution:

The degree power of the numerator (2) is one more than the degree power
of the denominator (1). so we will have an oblique asymptote.

x-1

—(x* +1x)
—1x-9
—(=1x-1)
-8

The oblique asymptote is y =x — 1.

Once you know where the function is increasing or decreasing and its concavity, you can begin
to sketch the graph by looking at the four different possible graphing combinations.

f®) + - - +
=) - - + +
Shape of
graph J/J “\ \\ ,/
mcreasmng decreasing decreasing | mcreasing
concave down | concave down | concave up | concave up

Ok, now lets look at an example, which incorporates all of the steps for curve sketching.
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Example 6: Graph the function f(x)=

s using the steps for curve sketching.
+ Ix

Solution:
Step 1: Find the domain of f(x).

Since are function is a rational function. the denominator must not
be equal to 0.

1+2x=0
2x=-1
1
XE——

The domain of f(x) is equal to all real numbers except for —1/2.

[

1
Df[x) - ]\\ |x# _E}

Step 2: Find the x- and y-intercepts.

Set x =0 to find y-intercept.

_ —4x

S 1+42x
—4(0)
1+2(0)
0
T1+0
=0

f(x)

f(0)=

The y-intercept is at the origin (0. 0).
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Example 6 (Continued):
Step 2: Find the x- and y-intercepts.

Set f(x) = 0 to find the x-intercept(s).

. —4x
J=T05s
_ —Ax
T 142x
=—4x
0=x

The x-intercept is also at the origin (0. 0).

Step 3: Locate any asymptotes.

Set denominator equal to zero to find vertical asymptotes.

1+2x=0
2x=-1
1
X=——
2

The vertical asymptote is x =—

(SR

Compare degree powers of the numerator and denominator to
find horizontal asymptote. if any.

Degree power of numerator: 1
Degree power of denominator: 1

Degree powers are equal so the horizontal asymptote is
equal to the ratio of the coefficients.

The horizontal asymptote is at y =-2. Since there is a horizontal
asymptote you do not need to look for an oblique asymptote.



Curve Sketching

.. Set 2

Example 6 (Continued):

Step 4: Find the 1* derivative.

—4x
I(x)= 1+2x
‘f%x}:{1+2x}ll{_4x}_(f?xlﬁk(1+2x]
(1+2x)
_(1+2x)(4) —(4x)(2)
(1+2x)
_—4-8x 48y
(1+2x)
__
(1+2x)

Step 5: Locate the critical numbers of the 1% derivative.
Since the numerator of the derivative is a constant the derivative will

never be equal to zero. So the only critical numbers for the 1¥ derivative
will occur when the derivative is undefined (denominator is zero).

2

(1+2x) =0
1+2x=0
2x=-1
1
X=—=
2

The denominator will only be zero if x 1s —1/2. However, this value is not
included in the domain of the function and is also where our vertical
asymptote is located. Therefore, we have no critical numbers for the 1%
derivative.

10
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Example 6 (Continued):

Step 6:

Step 7:

Step 8;

Determine the intervals where the function is increasing/decreasing.

For this function we have only two intervals to look at

™

[ —r—%J and {—%r ]

Since the numerator of the derivative is the constant (-4) the numerator
will always be negative. The denominator is squared so it will always be
positive. Therefore. the derivative will always be negative, which means
the function is always decreasing.

4 — —
[1+2le2 + +
— -t -
-2 -1 % 1] 1 2

£7x) - : -
Intervals where fi(x) is increasing:  never
. . ( 1) 1)
Intervals where f(x) is decreasing: ‘ —0,—— ‘ and —5.:( ‘
\ &) \
Locate any relative extrema

Since the function has no critical numbers and is always decreasing,
there are no relative extrema.

Find the 2™ derivative.

- r . . . . .
Since the numerator of the 1% derivative is a constant it would be easier
to find the 2° derivative by first rewriting the 1% derivative in the form
of a power function

—4

f(-‘f):m

F(x)=—4(1+2x)"

11
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Example 6 (Continued):
Step 8: Find the 2™ derivative.
Now use the generalized power rule to find the 2* derivative.
F(x)=—4(1+2x%)"
f(x)=—4(=2)(1+2%)"" D, (1+2x)

=8(1+2x)7 (2)
16
(1+2x)

Step 9: Find the critical numbers for the 2™ derivative.

The numerator of the 2 derivative is a constant number so the derivative
will never be equal to zero. so the only possible critical numbers will come
from the denonunator.

(1+2x) =0
1+2x=0
2v=-1
1
Y=—=
2

The only number that will make the denominator zero is —1/2. However,
this cannot be a critical number sice —1/2 1s excluded from the domain of
f(x).

12
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Example 6 (Continued):

Step 10: Determine the intervals where the function is concave up or

concave down.

. ‘ 1 (1
The mtervals that we must test are —J:.—E ] and | _ET ]
\ ’ 1 /

14 + §
(1+ 2x) 3 - :

—————— — -

2 1 1 0 1 2
2
£72) - E +
. B
The function is concave down on the interval [ —o, _E and

A
\

concave up on the interval { -

12 | =

Step 11: Locate any points of inflection.

The only change in concavity occurs at x = -1/2 but this cannot be a
point of inflection since it is not included in the domain of f(x).

Step 12: Sketch the graph

Now you will plot all of the points and asymptotes that you have found
in the previous steps and then connect the points with a smooth curve.
From steps 6 & 10 we know where the function is increasing/decreasing
and its concavity.

For the interval { —n, -3 l the function is decreasing and concave down so

the graph in this interval will look like \

A

For the interval { - fJ the function is decreasing and concave up so the

12| =

graph in this interval will look like \\-

13



Example 6 (Continued):

Curve Sketching

.. Set 2

AY

14



